Approximate the area under a curve

y = f(x)

between two points * = a and x = b




Divide the interval from a to b into subintervals. Approximate
the area under the curve with the sum of the rectangular areas.

Let o = a and xgs = b




The first rectangle has a height of f(z1) and a base of width
Ax

8.¢
8.4
0.2
=] 3
*a 29 X3 >z a4 x5, *6 Xy 2a

Area of 1st Rectangle = f(x1) Ax




The second rectangle has a height of f(x2) and a base of width
Ax
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Area of 2nd Rectangle = f(z2) Ax



The sum of all the rectangular areas approximates the area
under the curve

F(w1) Az + f(as) Az + -+ f(as) Aa
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If more rectangles are used, the sum of the rectangular areas
is even closer to the area under the curve




The error in approximation approaches 0 as n gets larger




The limit of the sum, as n approaches infinity, is the exact area
under the curve

lim Z f(x;) Ax
i=1

The limit of this sum is called the definite integral and is ab-
breviated by the following notation:
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Find the area under f(z) =6 — 2x between a =1 and b = 3




Divide the interval from a = 1 to b = 3 into n equal subinter-
vals. Each subinterval has width
b—a 3-1
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Focus on the i rectangle
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The height of the ;th rectangle is

21 41
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The area of the ith rectangle is

faan= (1-4) (2) =5 8,



Sum all the areas of all n rectangles to form the Riemann sum.




Finally, take the limit as n — oo
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Find the area under f(x) = 22 + 2z + 2 between a = —1 and
b=2

Divide the interval from a = —1 to b = 2 into n equal subin-
tervals. Each subinterval has width

b—a 2—(—1)
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The height of the ;th rectangle is

f(x;) = 27 4+ 2x; + 2
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Sum the areas of all n rectangles
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Finally, take the limit as n — oo
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In these examples, we have chosen a point x; on the right end-
point of each subinterval. We could have chosen the left end-
point of each subinterval instead.

When n — 00, ‘Jthe limit of the sum will still be
the same as before




More generally, left ¢; be any point in the it subinterval. This

could be the left endpoint, the right endpoint, or any point in
between. If f(x) is continous on the interval [a, b], the limit

lim Z flc;) Az
i=1
will be the same regardless of how the point ¢; is selected.
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