
Derivatives of Vector-Valued Functions



Example: If f⃗(t) = ⟨sin t, cos 2t⟩ then f⃗ ′(t) = ⟨cos t, −2 sin 2t⟩



r⃗ = f⃗(t) = ⟨x(t), y(t)⟩

d⃗r

dt
= f⃗ ′(t) = ⟨x′(t), y′(t)⟩

f⃗ ′(t) = lim
h→0

f⃗(t+ h)− f⃗(t)

h



f⃗(t) = ⟨x(t), y(t)⟩



f⃗(t+ h) = ⟨x(t+ h), y(t+ h)⟩



Change In Position = f⃗(t+ h)− f⃗(t)



f⃗(t+ h)− f⃗(t)

h
=

1

h
(⃗f(t+ h)− f⃗(t))









f⃗(t) = ⟨3− t, 4t− t2⟩

f⃗ ′(t) = ⟨−1, 4− 2t⟩ f⃗ ′(0) = ⟨−1, 4⟩



f⃗(t) = ⟨3− t, 4t− t2⟩

f⃗ ′(t) = ⟨−1, 4− 2t⟩ f⃗ ′(1) = ⟨−1, 2⟩



f⃗(t) = ⟨3− t, 4t− t2⟩

f⃗ ′(t) = ⟨−1, 4− 2t⟩ f⃗ ′(2) = ⟨−1, 0⟩



f⃗(t) = ⟨3− t, 4t− t2⟩

f⃗ ′(t) = ⟨−1, 4− 2t⟩ f⃗ ′(3) = ⟨−1, 2⟩



f⃗(t) = ⟨3 cos t, 3 sin t, t⟩ f⃗ ′(t) = ⟨−3 sin t, 3 cos t, 1⟩



f⃗(t) = ⟨x(t), y(t), z(t)⟩ f⃗ ′(t) = ⟨x′(t), y′(t), z′(t)⟩

|⃗f ′(t)| =
√
(x′(t))2 + (y′(t))2 + (z′(t))2



Change In Position = f⃗(t+ h)− f⃗(t)



distance = |⃗f(t+ h)− f⃗(t)|



distance

time
=

|⃗f(t+ h)− f⃗(t)|
h



Instantaneous speed:

|⃗f ′(t)| = lim
h→0

|⃗f(t+ h)− f⃗(t)|
h



If position as a function of time is:

r⃗ = f⃗(t)

Then the velocity vector is:

v⃗ =
d⃗r

dt

The speed is:
v = |v⃗|



r⃗ = ⟨3− t, 4t− t2⟩

v⃗ =
d⃗r

dt
= ⟨−1, 4− 2t⟩ |v⃗| =

√
1 + (4− 2t)2



r⃗ = ⟨3 cos t, 3 sin t, t⟩ v⃗ =
d⃗r

dt
= ⟨−3 sin t, 3 cos t, 1⟩

f
|v⃗| =

√
(−3 sin t)2 + (3 cos t)2 + 12 =

√
10



If position as a function of time is:

r⃗ = f⃗(t)

Then the velocity vector is:

v⃗ =
d⃗r

dt

The acceleration vector is the derivative of the velocity vector

a⃗ =
dv⃗

dt
=

d2r⃗

dt2



r⃗ = ⟨3− t, 4t− t2⟩

v⃗ =
d⃗r

dt
= ⟨−1, 4− 2t⟩ |v⃗| =

√
1 + (4− 2t)2

a⃗ =
dv⃗

dt
= ⟨0, −2⟩



r⃗ = ⟨3 cos t, 3 sin t, t⟩ v⃗ =
d⃗r

dt
= ⟨−3 sin t, 3 cos t, 1⟩

a⃗ =
dv⃗

dt
= ⟨−3 cos t, −3 sin t, 0⟩



v⃗ = ⟨−3 sin t, 3 cos t, 1⟩ a⃗ = ⟨−3 cos t, −3 sin t, 0⟩

v⃗ • a⃗ = 9 sin t cos t− 9 sin t cos t = 0



Theorem: If an object is traveling at constant speed then the
acceleration vector is perpendicular to the velocity vector at all
points.



Theorem: If an object is traveling at constant speed then the
acceleration vector is perpendicular to the velocity vector at all
points.

|v⃗| = C

|v⃗|2 = C2



Theorem: If an object is traveling at constant speed then the
acceleration vector is perpendicular to the velocity vector at all
points.

|v⃗| = C

|v⃗|2 = C2

v⃗ • v⃗ = C2



Theorem: If an object is traveling at constant speed then the
acceleration vector is perpendicular to the velocity vector at all
points.

|v⃗| = C

|v⃗|2 = C2

v⃗ • v⃗ = C2

d

dt
(v⃗ • v⃗) = d

dt

(
C2

)



Theorem: If an object is traveling at constant speed then the
acceleration vector is perpendicular to the velocity vector at all
points.

|v⃗| = C

|v⃗|2 = C2

v⃗ • v⃗ = C2

d

dt
(v⃗ • v⃗) = d

dt

(
C2

)
v⃗ • dv⃗

dt
+ v⃗ • dv⃗

dt
= 0

v⃗ • a⃗+ v⃗ • a⃗ = 0

2v⃗ • a⃗ = 0

v⃗ • a⃗ = 0



r⃗ = ⟨t, t, 4− t2⟩ v⃗ = ⟨1, 1, −2t⟩ a⃗ = ⟨0, 0, −2⟩



At t = 1, v⃗ = ⟨1, 1, −2⟩ a⃗ = ⟨0, 0, −2⟩



v⃗ = ⟨1, 1, −2⟩ a⃗ = ⟨0, 0, −2⟩ a⃗ = a⃗T + a⃗n



v⃗ = ⟨1, 1, −2⟩ a⃗ = ⟨0, 0, −2⟩ a⃗ = a⃗T + a⃗n

a⃗T = projv⃗ a⃗

=
v⃗ • a⃗
v⃗ • v⃗

v⃗



v⃗ = ⟨1, 1, −2⟩ a⃗ = ⟨0, 0, −2⟩ a⃗ = a⃗T + a⃗n

a⃗T = projv⃗ a⃗

=
v⃗ • a⃗
v⃗ • v⃗

v⃗

=
4

6
⟨1, 1, −2⟩

=

⟨
2

3
,
2

3
, −4

3

⟩



v⃗ = ⟨1, 1, −2⟩ a⃗ = ⟨0, 0, −2⟩ a⃗ = a⃗T + a⃗n

a⃗T =

⟨
2

3
,
2

3
, −4

3

⟩
If a⃗ = a⃗T + a⃗n then:

a⃗n = a⃗− a⃗T = ⟨0, 0, −2⟩ −
⟨
2

3
,
2

3
, −4

3

⟩
= −2

3
⟨1, 1, 1⟩



r⃗(t) = ⟨cos t, sin t,
√
2 cos t⟩


