Tangent Planes and Differentials
Elliott Jacobs

The idea of a tangent line was fundamental to an understanding of first year calculus.
In higher dimension, the tangent plane plays an equally important role in the study of
multivariate calculus.

Tangent Vectors

To get the equation of a tangent plane, we first need to discuss tangent vectors. Let’s start
in two dimensions. If y = f(x) then dy is the change in the height of the tangent line if z
is changed by an amount dx.
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A vector tangent to the curve would have coordinates (dz, dy). Since y' = g—z we can
write the tangent vector as:

(dz, dy) = (dx, v dz) = (1, y')dx = (i +yj) dz

Thus, any scalar multiple of the vector (1, y’) will be a tangent vector. As a quick example,
let’s say we wanted a vector T that was tangent to the curve y = 2¢%/2 at the point = = 1.

y =e*/? soat =11y will be Ve and a tangent vector would be any scalar multiple of:

T =(1, Ve)



Now, let’s move on to a three dimensional problem. Suppose z = 2e%/2t¥. If y = 0, the
surface intersects the zz-plane as a curve z = 2e*/2. This time, the tangent vector will be
T, = 1i + %E since the vertical direction is now in the direction of k. So, at the point
(1, 0, 2y/e), the tangent vector is:

T, =1i+ vek = (1, 0, Ve)

Similarly, if the take = 1 and vary y, the surface z = 2e%/2t¥ becomes the curve
z = 2e'/2%V in a plane parallel to the yz plane. and the tangent vector will be:

T, =1j+ =k
Yy J ay

g—z = 2e%/21Y 50 at the point (1, 0, 2+/€), g_.?j = 2y/e and the tangent vector is:

T, = (1, 0, 2/e)

We are ready to get the equation of the plane tangent to this surface at the point. In
general, the equation of a planc is given by:

a(r — o) + by —yo) +c(z —2) =0

where (a, b, ¢) is a vector perpendicular to the plane.



If ’]_fm and ’f‘y are vectors tangent to the plane then ’f‘x X ’f‘y will be perpendicular to the
plane.
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So, a = —y/e, b = —2,/e and ¢ = 1. Substitute into the equation of the plane:
a(z — o) +b(y — yo) + (2 — 29) =0

Vel — 1)+ 2vely — 0) + (1)(z — 2v/6) =0
z=+e(x+2y+1)

The height of the tangent plane is sometimes written as L(z,y), which stands for the linear
approximation of the function.

Let’s go to the more general case where z = f(x,y) and we wish to find the equation
of the plane tangent to the surface at (zo, yo, 20) where zo = f(zo, yo). Let’s use the
abbreviations z, and z, for %(azo, yo) respectively. The tangent vectors are now:

’f‘m =(1, 0, z,) and ’f‘y = (0, 1, zy)

and the vector perpendicular to the tangent plane will be:

o ij k
(a, b, ) =Ty xTy=1|1 0 z,|= (-2, —2y, 1)
0 1 z

Since a = —z,, b = —z, and ¢ = 1 the equation a(z — zo) + b(y — yo) + c(z — 20) = 0
becomes:
—2(% — x0) — 2y(y — yo) + (1)(2 — 20) = 0

2 =20+ 2z (x — x0) + 2y(y — o)



Example

Find the equation of the plane that is tangent to the paraboloid z = 1 — (z +1)% — (y +1)?
at the point (—1, 0, 0).

0z 0z
=5 (=1, 0)=0 2= 5, (-1 0) = =2

Substitute into the equation z = zy + 2z, (x — zo) + 24 (y — Yo)

The Differential

In Calculus I, the differential dy = y’'dx was the change in the height of the tangent line.
In Calculus I1I, the differential is the change in the height of the tangent plane. Suppose
we move from the point (zg, yo, 2z0) to the point (z, y, z) on the tangent plane. The
difference z — zq is the change in the height of the tangent plane.

The equation of the tangent plane gives us the formula for z — 2,

z— 20 = zz(x — o) + 2y (y — Yo)



The change x —x( is denoted by dx and the change y—1yq is denoted by dy. The differential
z — 2 is denoted by dz. This implies that:

If dx and dy are small, the change in the height of the tangent plane is a fairly good ap-
proximation to the change in the height of a surface. For example, consider the exponential
surface we looked at earlier

fla.y) = 2672+

If we change (z,y) from (1, 0) to (1.02, 0.04), the change in the height of the surface is:
£(1.02, 0.04) — f(1, 0) = 2e1:02/240:04 _ 901/240 _ 95055 _ 9£0-5 ~ 0,169

Now, let’s compare this to the change in the height of the tangent plane. We saw that the
plane tangent to this surface at (1, 0) is:

L(z,y) = Ve(z +2y +1)
The change in the height of the tangent plane will be:
L(1.02, 0.04) — L(1, 0) = /e(1.02 + (2)(0.04) + 1) — v/e(1 + 0+ 1) = /¢(0.100) ~ 1.65

If we use differential notation to do this, then dx = 1.02—1 = 0.02 and dy = 0.04—0 = 0.04,
so the differential is:
0z

dz = —(1,0) - d
z 3m(70) x +

0z

5y (10 dy = Ve - (0.02) + 2v/e - (0.04) = /¢(0.100) ~ 1.65

z

If dz approximates the change in the height of the surface, then d;
relative change in the height of the surface.

approximates the



Example: According to the Ideal Gas Law, the pressure of a gas is given by:

nRT

P:
14

where n is the number of moles of gas, R is the ideal gas constant, T' is the temperature

of the gas and V is the volume of the gas. Suppose V is changed from 1,000 liters to

1200 liters and the temperature is changed from 100 degrees to 130 degrees. Let’s use the
dp

differential to calculate the relative change in pressure, .

oP _nR 0P _ nRT
or Vv ov V2

Therefore, the differential dP is given by:

ap =L O gy _ "B gy DET

ort T ov v TR

The relative change in pressure is approximated by the differential expression:

dp  "RdT - ELAV. dT dV

P nBT TV

Therefore, if we start from V = 1,000 and T = 100 and we change volume and tem-
perature by the amounts dV = 200 and d7T" = 30 then the relative change in pressure is
approximately:

dP 1 200 1

- (30)+ . — —

P 100( )+ 1,000 10

So a 20 percent increase in volume and a 30 percent increase in temperature results in
approximately a 10 percent increase in pressure.



