Calculation of Potential Functions



<2x, 3y2>

o(z,y) =z° +y°
Vo
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If F is the gradient of a scalar-valued function ¢ then
¢ is called a potential function

F=V¢



F = (3y* — 62, 6xy)

Find a function ¢ so that F = V¢

RRAKRKA KRR K
RAARRARA KRR
RAARRAKRKKRA
RARRARRRAR KR
ARRARAKRKKKRK
RARRAKKRKR
RARAKRRKRK
RARAKRKK
RARRRK
RARRRK
ARARAARKR

ARRK
RARRR
AR R
AL
LI
KR
Y
L
AR

R I N A Y
. B I B B B P

Lol

K

X

L A R B B I B B

L

L N . I R e .

-

-

K

A A A A A A AR

-

K

P I R N R B B

-

.

AR R A A A A AR

A A R A A R A AR A AR

L F

F

L T R R R B e B A

- -

-

FI A B R A R e

- -

Ll

I R R I T R

E

-

A Y

LA B i

L A B

- = oy

- = -



99
ox’ Oy

¢

(3y* — 6, 6xy) = <
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% = Oxy

oy

¢ = / 6xydy (where x is held constant)



% = Oxy

Ay
¢ = / 6xydy (where x is held constant)

= 3zy* + C



— (33:3/2 +
C) = 6y



(% (33:3/2 + C) = 62y

(,% (3:cy2 + sin :U) = by
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9y (3£Ey +e) 6y

(% (3:cy2 + \/5) = Oxy



% = Oxy

Ay
¢ = / 6xydy (where x is held constant)

= 3zy” + f ()



¢ = 3xy* + f(x)
We also have the condition that % = 3y? — 6x

% (3:1:y2 + f(2)) = 3y? — 6x



¢ = 3xy* + f(x)
We also have the condition that % = 3y? — 6x

% (3:1:y2 + f(2)) = 3y? — 6x

3y° + f(x) = 3y* — 6z

f(z) = —6x
f(x) = =32 +C



¢ = 3xy* + f(x)
We also have the condition that % = 3y? — 6x

% (3:1:y2 + f(2)) = 3y? — 6x

3y° + f(x) = 3y* — 6z
f'(x) = —6x
f(x) =-32*4+C
¢ = 3zy® —32° + C



¢ = 3xy? — 322 + C has the property that
V¢ = (3y? -6z, 6zy) for any value of C, soif C = 0,

¢ = 3xy® — 3x°
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F = (2xsiny, x°cosy)

Find ¢(z,y) so that F=V¢



2

F = (2xsiny, x°cosy)

Find ¢(z,y) so that F=V¢

<%, g—j> = (2zsiny, x*cosy)



2

F = (2xsiny, x°cosy)

Find ¢(z,y) so that F=V¢
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= 2xsiny

If % = 2x siny then:

¢ = /stinyda:



O 09 _

— = 2xsiny — = 2I°Ccosy
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If % = 2x siny then:

¢:/2xsinyda::x281ny—l—f(y)



O 09 _

— = 2xsiny — = 2I°Ccosy
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If % = 2x siny then:

¢:/2xsinyda::x281ny—l—f(y)

s,
By (z*siny + f(y)) = x° cosy



O 09 _

— = 2xsiny — = 2I°Ccosy
ox

If % = 2x siny then:
(b:/2xsinyda::x281ny—l—f(y)

s,
By (z*siny + f(y)) = x° cosy

z?cosy + f'(y) = z* cosy
This implies f'(y) =0, so f(y) can be any constant



b(z,y) = 2 siny + C

If C' can be any constant, let’s take C' = 0

¢(z,y) = 2*siny



F — (e¥ 4+ 2e”, xe¥ + ze¥, eY)

Find ¢(z,y, z) so that F=Vo¢



F — (e¥ 4+ 2e”, xe¥ + ze¥, eY)

Find ¢(z,y, z) so that F=Vo¢
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= xe¥ + zeY



F — (e¥ 4+ 2e”, xe¥ + ze¥, eY)

Find ¢(z,y, z) so that F=Vo¢

%:equQex ¢

Ox (9—3/

qbz/eydz

= xe¥ + zeY



F — (e¥ 4+ 2e”, xe¥ + ze¥, eY)

Find ¢(z,y, z) so that F=Vo¢
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= xe¥ + zeY

6= [erdz =zt flay)
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gb:/eydz:eyz+f(x,y)
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=eYz + f(x,y)
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—(xvy) = xe”

Ay
Flaay) = [ et dy = e + g(a)

d(x,y,2) = e’z + f(z,y) = e’z + we’ + g(z)

We still have one more condition:

0
—¢:6y+26x
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¢z, y,2) = e’z + ze! + g(x)

We still have one more condition:

0
—gb:ey—|—26“j
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% (eYz + xe¥ + g(x)) = e¥ 4 2e”

e’ +¢g'(x) = e¥ + 2¢”
g'(x) = 2¢”
g(z) = 2¢”



d(r,y,2z) =eVz+xe’ + g(x) = €Yz + xe¥ 4 2e”
Check:

Vo = (e¥ + 2, eVz +ze?, ¢¥) = F



Let F be the force of gravity.
Find the potential function ¢.




























F_(_ Gmimox
(2% +y?)

Find ¢ so that F = Vo

% B Gmimox
Or (2 +42)°)?
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X
_Gmlmg/ (xQ +y2)3/2 dx

1
—Gmimo / §u_3/2 du where u = x° + y2



Gmimox
= | — dx

(22 4 y2)*/*

i
— —Gmlmg/ (xZ N y2)3/2 dx

1
= —Gmims / §u_3/2 du where u = x° + y2

= Gmlfmgu_l/2 + f(y)



Gmimox
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1
= —Gmims / §u_3/2 du where u = x° + y2

= Gmlfmgu_l/2 + f(y)
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= Gmims (:132 + y2) + f(y)
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¢ = R f(y)
We still have the condition that 22 = — _Gmumay
Y (224y2)%/?
0 Grmima ) ) = — Gmimay
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¢ = 2 1 g + f(y)
We still have the condition that 22 = Gmlm@%

Y (x2+y?)

0 Gmims ) ) = — Gmimoy

(9y (xZ _|_y2)1/2 Y - (ZC2 _|_y2)3/2

Gmims Gmimoy
- 3/2 + f(y) = - 373
(2% + y?) (22 + y2?)

So f'(y) =0 and f(y) can be any constant
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