Change of Variables for Multiple Integrals
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Polar Coordinates
Input values of r and 6

x =rcosb y =rsinf

Output values of  and y



Polar Coordinates
Input point (r, 0)

x =rcosb y =rsinf

Output point (x, y)




x =rcosb y =rsinf

0 =0. Vary r
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r =1rcosf

Larger 6. Vary r

Yy = rsinf




x =rcosb y =rsinf

Vary r for different values of 6




x =rcosb y =rsinf

Vary 6 for some value of r
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x =rcosb y =rsinf

Vary 6 for different values of r
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x =rcosb y =rsinf

Every rectangular grid section in the r6 plane is
transformed into a polar section in the zy plane.
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x = 3rcosb y = 2rsinf




r=3u—+v
Yy=u-+v

These equations will transform a rectangular grid in
the uv plane to some type of grid in the xy plane.



r=3u-+v
Yy=u-+wv
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r=3u-+v
Yy=u-+wv

Graph the line for different values of v




r=3u-+v
Yy=u-+wv

Now draw the lines for different values of u




r=3u-+v
Yy=u-+wv

A rectangular grid section in the uv plane is trans-
formed into a parallelogram section in the zy plane.




z=uz(u,v) y=y(uv)




z=uz(u,v) y=y(uv)




Change v by an amount du




Let ’f‘u be the tangent vector that approximates the
change in the grid in the xzy plane.




Let ’f‘u be the tangent vector that approximates the
change in the grid in the xzy plane.

T, = (dz, dy)
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However, if we are only change u in the uv plane
then dv =0
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If dv = 0, this simplifies to:
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Change v by an amount dv

| dv]z_'
 du




Let TU be the tangent vector that approximates the
change in the grid in the xzy plane.







dA = |T, x T,




S O R

du dv



'-“l

du dv

S ORI

k du dv



i j kK
T, x T, = % % 0| dudv
oz 9y
ov ov
oz Oy | _
= | % g_",; k du dv
ov ov
= = Ox Oy Oy Ox
dA =T, x T,| = —
| | OuOdv  Ou Ov

du dv



i j kK
% % 0| dudv
5 a5 O
oz Oy | _
% g_",; k du dv
ov ov
ox O Oy 0
J_J9% du dv
ouodv  Ou Ov
LYo yu$v| du dv




_0n0y Oyou
 OQudv  Ou dv

The Jacobian determinant:
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The Jacobian determinant:
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dA = J dudv




x =rcosb y =rsinf

dA = Jdfdr
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x =rcosb y =rsinf
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x =rcosb y =rsinf

Jdz Oy
a(x7 y) or or

d(r,0) oz dy
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x = 1rcosf y = rsinf

dz 9y
8(337 y) or or
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cos 6
—7rsin 6

sin 6
r cos 6



x = 1rcosf y = rsinf

dz 9y
a(gj7 y) or or

8(7“, 9) oz Oy
06 00

cos 6
—7rsin 6

sin 6
r cos 6



x =rcosb y =rsinf

dA = JdOdr = rdf dr
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x = ar cos b y = brsinf
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x = ar cos b y = brsinf
x

— = cos 0 9 _ sin 0
ar br

cos’ 0 +sin’ 6 = 1



x = ar cos b y = brsinf

€T
— = cos b Y _ sin
ar br

cos’ 0 +sin’ 6 = 1
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This is the equation of an ellipse.

If r =1 then:



x = ar cos b y = brsinf
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If 0 <r <1 then we get several concentric ellipses.
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dA =

d(z,y)

3(r.0) dl dr




x = ar cos b y = brsinf
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O(z,y)
d(r,0)

dA = dO dr = abr dO dr
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O(z,y)

dA = dO dr = abr dO dr

d(r,0)




1 abr db dr
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Let S be the region inside the parallelogram with
vertices: (0, 0) (3, 1) (1, 1) (4, 2)

Area(S) = / / 1dA




Let S be the region inside the parallelogram with
vertices: (0, 0) (3, 1) (1, 1) (4, 2)

Avea(s) = [ [ 1dyda




Let S be the region inside the parallelogram with
vertices: (0, 0) (3, 1) (1, 1) (4, 2)

Avea(s) = [ [ 1dyda




Let S be the region inside the parallelogram with
vertices: (0, 0) (3, 1) (1, 1) (4, 2)

Avea(s) = [ [ 1dyda




Let S be the region inside the parallelogram with
vertices: (0, 0) (3, 1) (1, 1) (4, 2)

Avea(s) = [ [ 1dyda




Let S be the region inside the parallelogram with
vertices: (0, 0) (3, 1) (1, 1) (4, 2)

Area(S) = / / 1dA




Let S be the region inside the parallelogram with
vertices: (0, 0) (3, 1) (1, 1) (4, 2)

r=u(3, 1) +wv(l, 1) where 0 <wu, v <1




Let S be the region inside the parallelogram with
vertices: (0, 0) (3, 1) (1, 1) (4, 2)

r=u(3, 1) +wv(l, 1) where 0 <wu, v <1

(x, y) =u(3, ) +v(l, 1) = Bu+v, u+v)



Let S be the region inside the parallelogram with
vertices: (0, 0) (3, 1) (1, 1) (4, 2)

r=u(3, 1) +wv(l, 1) where 0 <wu, v <1

(x, y) =u(3, ) +v(l, 1) = Bu+v, u+v)

r=3u-+v y=u-+v



r=3u-+v

Yy=u-+v




r=3u-+v y=u-+v
dA = Jdudo = 29 gy
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r=3u-+v y=u-+v

O(z,y)

A =
A= 5, 0)

dudv = 2 du dv
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r=3u-+v y=u-+v
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z=z+y=Bu+v)+ (u+v)=4u+2v
dA = Jdudv = 2dudv

//S(a:er)dA:/01/01(4u+2)2dudv



z=z+y=Bu+v)+ (u+v)=4u+2v
dA = Jdudv = 2dudv
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Let T" be the region inside .S and below y =1
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T(:U+y)dA://D(4u+2’U)2dudv




//T(:U—Fy)dA://D(ZLu—FQfU)Qdudv




r=3u-+v y=u-+v

The upper u limit occurs on the line y = 1 which
imples that v + v = 1 and therefore, u =1 — v.
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//T(:c%—y)dA:/01/01_U(4u+2f0)2dudv




//T(:IﬁLy)dA:/01/()1_U(4u+2v)2dudv:2



Change of Variable Theorem:
If £ = x(u,v) and y = y(u,v) then the integral:

//Sf(w,y)dfl

can be converted to uv coordinates:

//D f(x(u,v),y(u,v)) ggi:i; du dv



x = pcosfsing y = psinfsin ¢ Z = pCos @

o(x,y, z)
dV =
A(p, b, 0)

dp do do
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x = pcosfsing y = psinfsin ¢ Z = pCos @

o(x,y, z)
dV =
A(p, b, 0)
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dp do do




x = pcosfsing y = psinfsin ¢ Z = pCos @

o(x,y, z)
dV =
A(p, b, 0)

O(w,y,z) |*p Yr 7 .
00p.0,0) | "¢ Yo Fo|=psing
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dV = p*sinpdp de db
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z=uz(u,v) y=y(uv)




r = x(u,v) y = y(u,v) z = z(u,v)
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