Critical Points for z = f(z,y)
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Inflection Point




f(z) = ze™®

Find all maximums, minimums, points of inflection
and use this information to sketch the curve.



flx) =xze™™
z(—e ")+ (1)e*=(1—-xz)e "



flx) =xze™™
fll@)=(1—z)e™"
f'(x)=0 when z=1



flx) = ze™®
fl(x)=(1—z)e "
f'(x)=0 when z=1
ffl)=1-2) (™) + (1) =(x —2)e "



flz) = ze™®
flle) =1 -=z)e”"
f'(x)=0 when z=1

f'(@) = (2= 2)e
1

)= (1-2)et = —

€

Therefore, (1, %) 1S a maximum point.



f"(x) =0 when x=2

Therefore, (2, e%) is an inflection point.



(1, l) 1S a maximum point. (2, %) is an inflection
(& (¢4

point.

flr)y=ze™™®




Find the critical points of z = 4z — 2% — 2y? and
sketch the surface.



2z =dx — 2 — 2y°

0z 0z
— =42 — =4
Ox v oy Y
%:O when z =2
ox
%:O when y =20
dy

Therefore, there is a critical point at (x, y) = (2, 0).



2z =dx — 2 — 2y°

0z 0z
9E 49 9 _ 4
Ox v oy Y
oz =0 when z =2
Ox
0
2 _0 when y=20
dy
Therefore, there is a critical point at (x, y) = (2, 0).
82 2
7z _ = _
Ox? 0y?






z=x°—2y* —2x+6

Find the maximums and minimums



z=x°—2y* —2x+6

Find the maximums and minimums

0z 0z

=92 —9 — =—4

Ox v 0y Y
%:Owhenle %:Owheny:()
ox dy

The point (1, 0) is the only critical point. Will this
give us a maximum or a minimum?



z=x°—2y* —2x+6

Find the maximums and minimums

0z 0z

=92 —9 — =—4

Ox v 0y Y
%:Owhenle %:Owheny:()
ox dy

The point (1, 0) is the only critical point. Will this
give us a maximum or a minimum?

0?2 0?2

oz 2 e H



z=x°—2y* —2x +6
The point (1, 0,5) is a saddle point




2=y — Y



Let v be a unit vector making an angle # with the
positive xr-axis.

Y

V = (v1, v2) = (cosf, sin @)



The directional derivative can be written
in terms of 0

Dgf=Vjev
0 0
RN
of of

= %COSQ—I— 8—ysin¢9



Dgf = g—£0059+ g—isine

Dg (function) = e (function) cos # + o (function) sin #
)2 )y



.

D (D) = 5 (Def)cosd+ = (D f)sind

This is the same as:

dal (gm cos 6 + %111 9) cosf + ay (g;’; cos @ + C}f qm@) sin ¢



s, 0
Dg (Dgf) = . (Dg f)coa@%—a—y(D ¢ f)siné

This is the same as:

B (B oo O Y. 8 BT of . |
oy (a,r cosf + 5, Sin 9) cos 6 + By (E):c cos f + oy sinf ) sinf

2 2 2
Dg (Dgf) = STCOS 9—#20(1;?; sinf cos 6 + gy“;c

sin® @



Dy (Dgf) = fropcos® 0+ 2f,, sinfcosf + f,, sin® 0



D (Dgf) = Jou cos’ 6 + 2 fiey im0 eosl + sin” 6

9 B
g cos“ @ . cos b "
— f&"f;l? 51112 9 —= + 2f$y - + fyy
sin“ f for sin€ — f..

— fupsin® 6 ((:0132 0+ 2 Sy cot 6 + fyy) i



Complete the square:

f f
cot? 0 + 222 cot 6 + Z¥Y
f:ca: faca:
This is the same as:
fay :

fyy

cot’f + 2 5

fCUJC Tx T

2
C0t9+%— Yo

foa



Complete the square:

cot? 9 + 224
fiﬁx f$37

This is the same as:

(coros 222} Lv Lo



Complete the square:

cot? 9 + 224
fiﬁx f$37

This is the same as:

(C0t9+ fwy) fa::cfyy :I:y

foa :

rxr



Dg (Dgf) = fresin® 0 (Cot2 0 + 2;@/ cot 6 + jzyy)

—fmsin2(9<(cot6—|—fxy> fax Fyy — fs?y)

foa 12



fil?il?

sin? 6

2
f:ry)
cot 8 +

non-negative

fonuw — 2,
| r

7

)



/

fi}ff,[

sin? 6

could be negative

(\

foafuy — Faul)

2
(cot 0 + ;iz )
|

non-negative

7

2
T




The Hessian determinant

fwx fxy

=1, Tt

2
— fx:cfyy  Jay




What if frfyy — a?y is negative?

2 2
fmy _‘_fmmfyy_ Ty

fresin? @ [|( cot 8 +

f 2
I TY
Could be any number negative if

from 0 to infinity numerator is negative



What if foofyy — iy is negative?

Then Dg (Dgf) will be negative for some values of
6 and positive for others.

Saddle point!



What if foofyy — 2 is positive?

could be
I\lvegative

Yy

fiI?fB

sin? 6

fmy)Q
cot 0 +

AN

|

non-negative

faafyy —

2
Y

5 =



What if foofyy — gy is positive?

Then Dg (Dgf) > 0 when f,, is positive
and Dg (D¢ f) < 0 when f,, is negative



H = fxxfyy - fx2y

If H > 0 at a point then the concavity of the surface
remains the same in all directions




Theorem:
Suppose f, =0 and f,, = 0 at some point (a,b).

If H > 0 and f,. > 0 at (a,b) then f(z,y) has a
relative minimum at (a,b)

If H> 0 and f,. < 0 at (a,b) then f(z,y) has a
relative maximum at (a, b)

If H <0 at (a,b) then f(x,y) has a saddle point at
(a,b)



2z =dx — 2 — 2y°

0z 0z
49 7 _ 4
Ox v oy Y
There is a critical point at (z, y) = (2, 0).
9 2
7z _ = _
Ox? 0y?



2z =dx — 2 — 2y°

0z 0z
— =4 -2 — = —4
Ox v oy Y

There is a critical point at (z, y) = (2, 0).

0?2z 0?2 0?2z

Ox? 0y? Ox 0y 0

H = foafyy = foy = (=2)(=4) = (0)* =8 >0

At (2, 0), the surface reaches a maximum height.



=y + 3y’ —at+4r—4

Find and classify the critical points.

0z 0z
ox v oy y oy



=y + 3y’ —at+4r—4

Find and classify the critical points.

0z 0z
— = —92r+14 2 =32 4+ 6y =3 4+ 2
Oz X (93/ Yy Yy y(y )

9z
ox
g—;:3y(y—|—2):Oaty:Oandaty:—2

So, we have critical points at (2, 0) and at (2, —2)

— (0 when £ = 2



0z

ox

=y + 3y’ —at+4r—4

9,
= —2x+4 —Z:3y2—|—6y
y
0? 0?
-2 ZZ_6y+6 -

0y? Oxdy -

0



2w = —2 Zyy = 6y + 6 Zgy = 0
At x =2 and y =0, z,, < 0 and the Hessian is:

H = 2gq2yy — ziy = (=2)(6) — 0* = —12

Conclusion: There is a saddle point at (2, 0)



2w = —2 Zyy = 6y + 6 Zgy = 0
At x =2 and y = -2, z,, < 0 and the Hessian is:

H = 2gq2yy — ziy = (=2)(—=6) — 0% = 12

Conclusion: There is a maximum point at (2, —2)



=y + 3y’ —at+4r—4
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