
MA 345 Differential Equations - Homework Solutions C. Jacobs

Assignment 15. Variation of Parameters

(1) y′′ + y = sinx cosx

y = v1 cosx+ v2 sinx

Wronskian Determinant: W =

∣∣∣∣ cosx sinx
− sinx cosx

∣∣∣∣ = 1

dv1
dx

=

∣∣∣∣ 0 sinx
sinx cosx cosx

∣∣∣∣ = − sin2 x cosx so v1 = −1

3
sin3 x+ C1

dv2
dx

=

∣∣∣∣ cosx 0
− sinx sinx cosx

∣∣∣∣ = cos2 x sinx so v1 = −1

3
cos3 x+ C2

y = C1 cosx+ C2 sinx− 1

3
sinx cosx(sin2 x+ cos2 x) = C1 cosx+ C2 sinx− 1

3
sinx cosx

The answer can also be written as :y = C1 cosx+ C2 sinx− 1

6
sin 2x

(2) (D2 −D)y =
e2x

e2x + 1

y = v1 + v2e
x

dv1
dx

=

∣∣∣∣ 0 ex
e2x

e2x+1 ex

∣∣∣∣∣∣∣∣ 1 ex

0 ex

∣∣∣∣ = − e2x

e2x + 1

dv2
dx

=

∣∣∣∣ 1 0
0 e2x

e2x+1

∣∣∣∣∣∣∣∣ 1 ex

0 ex

∣∣∣∣ =
ex

e2x + 1

v1 =

∫
− e2x

e2x + 1
dx = −1

2
ln
(
e2x + 1

)
+ c1

v2 =

∫
ex

e2x + 1
dx = tan−1 (ex) + c2

y = c1 + c2e
x − 1

2
ln

(
e2x + 1

)
+ ex tan−1 (ex)

(3) y′′ − 2y′ + y = x2ex

y = v1e
x + v2xe

x

Wronskian Determinant: W =

∣∣∣∣ ex xex

ex (x+ 1)ex

∣∣∣∣ = e2x

dv1
dx

= e−2x

∣∣∣∣ 0 xex

x2ex (x+ 1)ex

∣∣∣∣ = −x3 so v1 =

∫
−x3 dx = −1

4
x4 + C1

dv2
dx

= e−2x

∣∣∣∣ ex 0
ex x2ex

∣∣∣∣ = x2 so v2 =

∫
x2 dx =

1

3
x3 + C2

y =

(
−1

4
x4 + C1

)
ex +

(
1

3
x3 + C2

)
xex = C1e

x + C2xe
x +

1

12
x4ex



4. The Method of Variation of Parameters can be used to find the general solution of the following
differential equation: (

D − 1

2

)2

y = x−2e
x
2

The solution has the form:
y = v1(x) · e

x
2 + v2(x) · xe

x
2

where v1(x) and v2(x) are functions. Calculate the function v1(x)

The homogeneous solutions are y1 = e
x
2 and y2 = xe

x
2 . We first find the Wronskian determinant:

W =

∣∣∣∣ y1 y2
y′1 y′2

∣∣∣∣ = ∣∣∣∣ e
x
2 xe

x
2

1
2e

x
2

(
1 + x

2

)
e

x
2

∣∣∣∣ = ex

dv1
dx

=

∣∣∣∣ 0 xe
x
2

x−2e
x
2

(
1 + x

2

)
e

x
2

∣∣∣∣
ex

=
−x−1ex

ex
= − 1

x
so v1 = −

∫
1

x
dx = − lnx+ C1


