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Solve a
d2y

dt2
+ b

dy

dt
+ y = f(t)

when f(t) is a discontinuous function



The Unit Step Function

U(t) =
{
0 for t < 0
1 for t ≥ 0



The Shifted Unit Step Function

U(t− a) =

{
0 for t < a
1 for t ≥ a



L (U(t− a)) =

∫ ∞

0

U(t− a)e−st dt

=

∫ ∞

a

1 · e−st dt

= e−as · 1
s



y(t) = sin t



f(t) = sin t · U
(
t− π

2

)



f(t) = g(t)U(t− a)



L (g(t)U(t− a)) =

∫ ∞

0

g(t)U(t− a)e−st dt

=

∫ ∞

a

g(t)e−st dt

=

∫ ∞

0

g(x+ a)e−s(x+a) dx where x = t− a

= e−sa

∫ ∞

0

g(x+ a)e−sx dx



∫ ∞

0

g(t)U(t− a)e−st dt = e−sa

∫ ∞

0

g(x+ a)e−sx dx



∫ ∞

0

g(t)U(t− a)e−st dt = e−sa

∫ ∞

0

g(t+ a)e−st dt

L (g(t)U(t− a)) = e−saL (g(t+ a))



L (g(t)U(t− a)) = e−asL (g(t+ a))

L (g(t− a)U(t− a)) = e−asL (g(t))



Useful for taking Laplace transform of (function)(unit step)

L (g(t)U(t− a)) = e−asL (g(t+ a))

Useful for taking inverse Laplace transforms of e−asG(s) where
G(s) = L (g(t))

L (g(t− a)U(t− a)) = e−asL (g(t))



f(t) = 2etU(t− π)

Find the Laplace transform of f(t)



f(t) = 2etU(t− π)

Find the Laplace transform of f(t)

L (g(t)U(t− a)) = e−asL (g(t+ a))

L
(
2etU(t− π)

)
= e−πsL (g(t+ π))



f(t) = 2etU(t− π)

Find the Laplace transform of f(t)

L (g(t)U(t− a)) = e−asL (g(t+ a))

L
(
2etU(t− π)

)
= e−πsL (g(t+ π))

= e−πsL
(
2et+π

)
= 2eπe−πsL

(
et
)

= 2eπ · e
−πs

s− 1



L
d2y

dt2
+R

dy

dt
+

1

C
y = E(t)

Take L = 1, R = 0 and C = 1

y′′ + y = E(t)



E(t) = 2et(1− U(t− π))



y′′ + y = 2et(1− U(t− π)) where y(0) = y′(0) = 0

y′′ + y = 2et − 2etU(t− π)



y′′ + y = 2et(1− U(t− π)) where y(0) = y′(0) = 0

L (y′′) + L (y) = L
(
2et

)
− L

(
2etU(t− π)

)
s2L (y)− sy(0)− y′(0) + L (y) =

2

s− 1
− 2eπ · e

−πs

s− 1

s2L (y) + L (y) =
2

s− 1
− 2eπe−πs · 1

s− 1



y′′ + y = 2et(1− U(t− π)) where y(0) = y′(0) = 0

L (y′′) + L (y) = L
(
2et

)
− L

(
2etU(t− π)

)
(s2 + 1)L (y) =

2

s− 1
− 2eπe−πs · 1

s− 1

L (y) =
2

(s− 1)(s2 + 1)
− eπe−πs · 2

(s− 1)(s2 + 1)



L (y) =
2

(s− 1)(s2 + 1)
− eπe−πs · 2

(s− 1)(s2 + 1)

L (y) =
1

s− 1
− (s+ 1)

s2 + 1
− eπ−πs

(
1

s− 1
− (s+ 1)

s2 + 1

)



1

s− 1
− (s+ 1)

s2 + 1
=

1

s− 1
− s

s2 + 1
− 1

s2 + 1

= L
(
et
)
− L (cos t)− L (sin t)

= L
(
et − cos t− sin t

)
Let g(t) = et − cos t− sin t



L (y) =
1

s− 1
− (s+ 1)

s2 + 1
− eπ−πs

[
1

s− 1
− (s+ 1)

s2 + 1

]
= L (g(t))− eπe−πsL (g(t))

where g(t) = et − cos t− sin t

Now use the formula:

L (g(t− a)U(t− a)) = e−asL (g(t))



L (g(t− a)U(t− a)) = e−asL (g(t))

If a = π and g(t) = et − cos t− sin t

g(t− π) = et−π − cos(t− π)− sin(t− π)

= et−π + cos t+ sin t



L (y) =
1

s− 1
− (s+ 1)

s2 + 1
− eπ−πs

[
1

s− 1
− (s+ 1)

s2 + 1

]
= L (g(t))− eπe−πsL (g(t))

where g(t) = et − cos t− sin t

Now use the formula:

L (g(t− π)U(t− π)) = e−πsL (g(t))

L
((
et−π + cos t+ sin t

)
U(t− π)

)
= e−πsL (g(t))



g(t) = et − cos t− sin t

L (y) = L (g(t))− eπL (g(t− π)U(t− π))

= L (g(t)− eπg(t− π)U(t− π))



g(t) = et − cos t− sin t

L (y) = L (g(t))− eπL (g(t− π)U(t− π))

= L (g(t)− eπg(t− π)U(t− π))

y = g(t)− eπg(t− π)U(t− π)

= et − cos t− sin t− eπ
[
et−π + cos t+ sin t

]
U(t− π)

= et − cos t− sin t−
[
et + eπ(cos t+ sin t)

]
U(t− π)



y = et − cos t− sin t−
[
et + eπ(cos t+ sin t)

]
U(t− π)


