
4〈2, 3〉 = 〈8, 12〉

0〈x1, x2〉 = 〈0x1, 0x2〉 = 〈0, 0〉

0~X = ~0

(−3)




5
10
2


 =



−15
−30
−6




2




1 2 4
5 1 1
0 1 2


 =?




2 4 8
10 2 2
0 2 4






cA

Multiplication of a matrix by a number:

c




a11 a12 a13 · · · a1m

a21 a22 a23 · · · a2m
...

...
...

...
an1 an2 an3 · · · anm




=




ca11 ca12 ca13 · · · ca1m

ca21 ca22 ca23 · · · ca2m
...

...
...

...
can1 can2 can3 · · · canm






〈2, 3, 1〉+ 〈1, 4, 0〉 = 〈3, 7, 1〉




10
−2
1


 +



−4
3
1


 =




6
1
2







1 1 2
0 2 1
3 1 2


 +




0 1 1
2 1 3

−1 1 −2


 =?




1 2 3
2 3 4
2 2 0






(
2 0 1
1 1 1

)
+

(−1 3 4
0 2 5

)
=

(
1 3 5
1 3 6

)

(
a b
c d

)
+

(
0 0
0 0

)
=?

(
a b
c d

)

A + O = A

(
2 2 3
1 3 4

)
+

(
1 0
0 1

)
=?

UNDEFINED

A + B is defined only when:
number of rows of A = number of rows of B

number of columns of A = number of columns of B



Matrix Multiplication

A =
(

a b
c d

)
X =

(
x
y

)

AX =
(

a b
c d

)(
x
y

)
=

(
ax + by
cx + dy

)

Let B =
(

e f
g h

)

AB is defined by the following formula:

(
ae + bg af + bh
ce + dg cf + dh

)
=

(
a b
c d

)(
e f
g h

)



Example:
Multiply the following two matrices:

(
0 2
3 1

)(
1 1

−1 4

)

(−2 8
2 7

)

Multiply the following two matrices:

(
1 1

−1 4

)(
0 2
3 1

)

(
3 3
12 2

)

Note that AB is not necessarily the same as BA



Matrix Multiplication

To obtain the entry in the ith row, jth column of
AB, take the dot product of the ith row of A with
the jth column of B.




jthcolumn
...
...

ithrow . . .
∑n

k=1 aikbkj . . .
...
...




=




a11 . . . a1n

a21 . . . a2n
...

...
ai1 . . . ain
...

...
am1 . . . amn







b11 . . . b1j . . . b1q

...
...

...
bn1 . . . bnj . . . bnq






Example:

AB =




1 0 1 2
0 0 1 −1

−1 2 3 0







3 6
4 0
0 2
1 3




=




5 14
−1 −1

5 0






Examples:

(
1 0
0 1

)(
3 4
2 5

)
=

(
3 4
2 5

)

(
3 4
2 5

)(
1 0
0 1

)
=

(
3 4
2 5

)

(
1 0
0 1

)(
a b
c d

)
=

(
a b
c d

)

(
a b
c d

)(
1 0
0 1

)
=

(
a b
c d

)



An n by n identity matrix is a matrix of the form:




1 0 0 . . . 0 0
0 1 0 . . . 0 0
0 0 1 . . . 0 0
...

...
...

...
...

0 0 0 . . . 1 0
0 0 0 . . . 0 1




An identity matrix I has the property that

IA = A and AI = A

for any n by n matrix A.



Definition

If A and B are matrices with the property that
AB = I and BA = I then A and B are inverses.

Example:

Let A =




1 1 1
2 3 3
1 1 0




B =




3 −1 0
−3 1 1

1 0 −1




AB is:



1 1 1
2 3 3
1 1 0







3 −1 0
−3 1 1

1 0 −1


 =




1 0 0
0 1 0
0 0 1


 = I

Similarly, BA = I.
If B is the inverse of A, we will indicate this with
the notation:

B = A−1

A = B−1



Computation of Matrix Inverses
Matrix Reduction Method

Let A =




a11 a12 . . . a1n

a21 a22 . . . a2n
...

...
. . .

...
an1 an2 . . . ann




Let Ej =




0
0
...
1
...
0
0




← (jth row)

Then AEj =




a1j

a2j

...
anj


 = jth column of A



If Xj represents the jth column of the inverse matrix
A−1, then

A−1Ej = Xj

AA−1Ej = AXj

Ej = AXj

Thus, the solution to the equation AX = Ej is the
jth column of A−1.

(
A

∣∣ Ej

)
(
I

∣∣ Xj

)

For the 2 by 2 case, we compute the first column of
the inverse of

A =
(

a11 a12

a21 a22

)

by solving the equation AX =
(

1
0

)
We do this by reducing the augmented matrix

(
a11 a12

∣∣ 1
a21 a22

∣∣ 0

)

to the reduced matrix(
1 0

∣∣ b11

0 1
∣∣ b21

)

The last column will be the first column of A−1



Similarly, we compute the second column of A−1

by solving AX =
(

0
1

)
. We do this by reducing the

augmented matrix:(
a11 a12

∣∣ 0
a21 a22

∣∣ 1

)

to the reduced form:(
1 0

∣∣ b12

0 1
∣∣ b22

)

The last column will be the second column of A−1.

Combine (
a11 a12

∣∣ 1
a21 a22

∣∣ 0

)

together with (
a11 a12

∣∣ 0
a21 a22

∣∣ 1

)

to form the augmented matrix(
a11 a12

∣∣ 1 0
a21 a22

∣∣ 0 1

)

Now, reduce this until you obtain the reduced ma-
trix: (

1 0
∣∣ b11 b12

0 1
∣∣ b21 b22

)



Example:

Let A =
(

1 0
−2 1

)
Find A−1

Solution: Form the augmented matrix

(
1 0

∣∣ 1 0
−2 1

∣∣ 0 1

)

(
1 0

∣∣ 1 0
0 1

∣∣ 2 1

)

The matrix
(

1
2

0
1

)
will be the inverse of A.



Example:

Let A =
(

1 3
3 10

)
Find A−1

(
1 3

∣∣ 1 0
3 10

∣∣ 0 1

)
→

(
1 3

∣∣ 1 0
0 1

∣∣ −3 1

)

→
(

1 0
∣∣ 10 −3

0 1
∣∣ −3 1

)

A−1 =
(

10 −3
−3 1

)



x + 3y = 2
3x + 10y = 3

(
1 3
3 10

) (
x
y

)
=

(
2
3

)

AX =
(

2
3

)

(
x
y

)
= X

= A−1

(
2
3

)

=
(

10 −3
−3 1

)(
2
3

)

=
(

11
−3

)

Thus, x = 11 and y = −3 are the solutions.


