Matrix Differential Equations
Jacobs

One of the very interesting lessons in this course is how certain algebraic
techniques can be used to solve differential equations. The purpose of

these notes is to describe how the solution <Z;> of the matrix equation

(a b) (ul) = A (Z;) will apply to the solution of the differential equa-
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tion agfng + al% + apy = 0. As we will see later, the differential equation
can be rewritten in a matrix form and then the eigenvectors and eigenvalues

of the matrix then lead to a solution.

Review of Eigenvectors and Eigenvalues

Let A = <Z 3) and U = (Z;) A number ) is said to be an eigenvalue

of A if there is a nonzero vector u so that Ad = Ad. The vector u is said
to be an eigenvector of A. Please note that the equation (A — A\I)d = 0,
where T = ((1) (1)) and 0 = (8), is completely equivalent to the equation
Ad = \u. This is important because if we seek a nonzero solution d of
(A — MXI)ii = O then the matrix A — M had better not have an inverse.
After all, if A — AI had an inverse, then the equation (A — XI)d = 0 could
be solved by multiplying both sides by this inverse and we would obtain
i = (A —\)"'0 = 0. This could not be if @ is supposed to be a nonzero

solution of the equation.

If A — AI has no inverse then the determinant of A — AI must be 0, and
this is how we find the eigenvalues.

- : : (1 2
Example: Find the eigenvalues and eigenvectors of A = (_1 4>

14—
when A = 2 or A = 3, so these are the eigenvalues.

The determinant of A — AI is ‘ a2 ‘ = A2 — 5X + 6. This is zero only

To find the eigenvectors corresponding to A = 2, we solve (A — 2I)ii = 0

- (70 2) ()= (9)



If we multiply out and compare coordinates, we get —u; 4+ 2us = 0 so

U = 2U2
- U1 - 2UQ . 2
= ()= ()= ()

Thus, any nonzero scalar multiple of (?) will be an eigenvector correspond-
ing to eigenvalue A = 2.

Next, we find the eigenvectors corresponding to A = 3 by solving the matrix
equation (A —3I)i =0

- -2 2 (/51 o 0
a-ma= (1) ()= ()
This implies that u is a solution only if —u; +us =0
- U1 L (15 . 1
()= () == ()

Therefore, any nonzero scalar multiple of (1) will be an eigenvector corre-
sponding to eigenvalue A = 3.



Diagonal Matrices

A matrix (‘Cl b) is said to be diagonal if b = ¢ = 0. So, for example,

d
the identity matrix (é ?) is a diagonal matrix. Just about any matrix

calculation in easy to do with diagonal matrices. For example, look at the
following matrix multiplication, where the matrices are not diagonal:

<G11 G12> <b11 b12 ) _ (a11b11 +a12b21  a11b12 + a12022 )
a1 a2 ba1 22 a21b11 + agebar  as1b12 + asobao
Compare this to the simplicity of multiplying two diagonal matrices:
(&11 0 ) (bll 0 >:<a11b11 0 >
0 @ 0 boy 0 az2b22
Finding the inverse of a matrix is also simpler if the matrix is diagonal. If

<“ 3) has an inverse, then it is given by:

c
b -1 d —b
(CL ) — < ad—bc  ad—bc )
—c a
c d ad—bc ad—bc

Notice how much simpler this formula is if the matrix is diagonal:

() - 3)

Diagonalization of Matrices

In many cases, we can take matrices that are not diagonal and put them in

terms of a diagonal matrix through a simple matrix multiplication formula.

1 2

] 4> whose eigenvec-

As a simple demonstration, take the matrix A = (

tors (2) and (i) have already been calculated. We begin by constructing a

1
matrix P = (f }) from these eigenvectors. Now, look what happens when

we calculate the matrix product P~'AP.

1 _ 1 -1 1 2 2 1
par= (0 ) (0030
B 2 =2 2 1\ (2 0
~\-3 6 1 1) \0 3
We have just obtained a diagonal matrix. This formula applies to a more

. a b
general matrix (C d).



Suppose the eigenvalues of A = (g 2) are A1 and Ay with eigenvectors

u; = (p”) and Uy = (p”) respectively. This means that:
P21 P22

Aﬁl = >\1ﬁ1 AI_J:Q = )\2112

ail a2 P11 _ A1DP11 ail; a2 D12 _ A2D12
az1 Q92 D21 A1P21 az1 Q92 D22 A2D22

Now, let’s combine these results. Let P = <p P 12)
b21 P22

[ a11 ai2 P11 P12\ _ A1D11 A2pi2
AP = —
a21 Q22 P21 P22 A1D21 A2pa2

Compare this to the product PA where A = (31 )\S)

PA — (P11 P12 At 0 _ (Apin Agpiz

D21 P22 0 A A1D21 A2D22
We see that AP = PA. This means that P~1AP = A and therefore
P~!AP is a diagonal matrix. Of course, this assumes that the matrix P

has an inverse. It is easy to prove that as long as A\; # \s, then the columns
of P are linearly independent and P will have an inverse.

Example: Let A= (2 1). Find a matrix P so that P~'AP is diagonal
We begin by solving 0 = det(A — AI) = A2 — 6\ + 8 to get the eigenvalues.
A =2 Ay =4

The corresponding eigenvectors are:

(2)

and therefore, the required matrix P is

(2 )



Let’s check this answer:

(20

- \0 4
The result is a diagonal matrix. Notice that the entries along the diagonal
are exactly the eigenvalues of A.

P*AP::(

B =N
|

Application to Systems of Linear Differential Equations

Problems involving interconnecting spring systems, tank systems and elec-
tric circuits involve several unknown functions solving a system of differen-
tial equations.

Let’s consider, for example the problem of finding two functions x1 = x1(t)
and xo = x5(t) that solve the following system of differential equations:

l'/l (t) = allxl(t) —+ algxg(t)

LC’2 (t) = aglxl(t) + 9299 (t)

Let’s put this in matrix notation. Let X = (i;) SO Ccll—’f = <i;1> and let
2

A = (Z; Z;;) The system of differential equations can now be written

as ‘fl—’f = AX. The trick to solving this equation is to perform a change of
variable that transforms this differential equation into one involving only a

diagonal matrix.

Using the eigenvector procedure, we can find a matrix P so that P"1AP =

<(>)‘ ! )\0> . We can define a vector-valued function v = <”1 (t)) by the formula
2 () (t)

v = P7!X. Make the substitution X = PV into the differential equation
4% — AR
dt :



Since P71 AP is a diagonal matrix, the matrix differential equation is now:

dstl . /\1 0 U1 . )\11}1
% 0 )\2 (%) )\21)2
If we now compare coordinates, we get two simple differential equations:

— =\ = \oU2

dt dt
These equations can be solved easily using separation of variables.

)\175 >\2t

v1(t) = cre va(t) = cqe

where ¢; and ¢ are constants. Now that we have the coordinates of v, we
can obtain the coordinates of X from the equation X = PV.

Example:

Solve the following system of differential equations:

x'y (t) x1(t) + 2z2(t)
xh(t) = —x1(t) + daa(t)

In matrix form this equation is ‘é—’f = AX where A = (_1 i) For this
2 1

matrix, we have already found P = (1 1) so if we make the substitution



dx

dt
). The solution we seek is:

= AR, we will get &¥ = (2 0) V whose

X = PV into the equation T 0 3

cie2t

coedt

L 5o (21 c1e®\ [ 2c1e?t + cpedt
X_PV_(l 1) <02€3t>_<01€2t+6263t

Comparing coordinates, we get:

solution is Vv = (

21(t) = 2c1e* + cpe®” and x5(t) = cre? + cpe’

There is also a useful vector format for the answer if we split up the vector
solution as follows:

L [ 2c1€® 4 cpe3t\  [(2cie* cpe3t\ 2\ o 1\ s
x*= < cre?t +coedt ) T\ ce?t + coedt | calp)e telq)e
Notice that the general solution is a linear combination of terms of the form

te”" where r is an eigenvalue and u is the corresponding eigenvector. This
observation can speed up the solution process.



Example:

An animal is receiving medication from an external drug recycling system
at an animal hospital. There are 3 liters of blood in this animal. Fluid is
being delivered into the animal intravenously. The fluid, containing both
blood and the drug, is entering the animal at the rate of % liters/hour. A
saline solution, containing no drug at all, is entering the animal at the rate
of % liters/hour. Blood is being drawn from the animal and sent back to the
external system at the rate of % liters/hour. Fluid is also being drawn out of
the external system and into a waste receptacle at the rate of 1 liters/hour.
The external system has 2 liters of fluid altogether and this volume stays
constant.

Let x(t) be the number of milligrams of drug in the animal after ¢ hours.
Let y(t) be the number of milligrams of drug in the external system after ¢

hours.
- =

d

Arterial

output Venous

return
Assume an initial condition of 2(0) = 0 and y(0) = 210 milligrams of drug.

Find the formulas for x(t) and y(¢) by solving the appropriate system of
differential equations.

dx <Rate> B <Rate> 1 liter y mg 3 liter z mg

dt In Out / 8 hour 2 liter & hour 3 liter

dy <Rate> B (Rate) 3 liter z mg 3 liter y mg

dt In Out / ~ 8 hour 3 liter 8 hour 2 liter
More concisely:

x’——laz—l— !
- 8167
13

¥y = gm_l_Gy



Or, in matrix form:

() - ) (3)

If X = (§:> and A = (?;g _;ﬁg). We can now solve ‘fl—f = AX. We

begin with the eigenvalues by solving:

O:det(A—AI):|_1/8_>‘ 1/16 ' 5

|
— )2 -~ i
18 —3/16—x| "N Tt

16 64
1 1
S =
0 <+4>(>\+16>

A== A= ——

After factoring:

So, the eigenvalues are:

The corresponding eigenvectors are:

() )

If we proceed just as we did in the last example, we end up with the general

SOlutiOH:
, 1 1
X——Cl( 2>e t/4+62<1>€t/16

We have an initial condition X(0) = (2(1)0) which implies that ¢; = —70 and
co = 70 so

(:;8) =7 <_;> e 44170 G) —t/16

Equating coordinates:

z(t) =70 (—e_t/4 + e_t/m) y(t) =170 (2€_t/4 + e_t/16>



Example: Solve the equation ‘fi—’f = AX where A and X are defined as:
0 1 0 x1(t)
A = 0 0 1 X = | z2(t)
-2 1 2 x3(t)

We begin with the eigenvalues of A which we get by solving det(A —AI) = 0.

- 1 0
0 —A 1 =0
-2 1 2-=-A

N 2NN -2=0
Fortunately, this factors nicely
—A=-1DA+1)(A=2)=0
Therefore the eigenvalues are:
A=1 A=—1 A=2

and, if you calculate the corresponding eigenvectors, you will get:

1 1 1
i=11 i= | -1 u= |2
1 1 4

If the format from the previous example also applies to this three dimen-
sional case, we would expect the general solution to be a linear combination
of all solutions of the form tie™ which would give us:

1 1 1
X=c1 |1 ]etP+e| =1 e M4eg| 2]
1 1 4

Will this really be true? Again, the diagonalization method comes to the
rescue. We form the matrix P with the eigenvectors making up the columns.

1 1 1
P=|1 -1 2
1 1 4



Now, we can calculate P"'AP and verify that it is diagonal.

1 1/2 —1/2

0 1 0\ /1 11
P'AP=| 1/3 —1/2 1/6 0 0 1 1 -1 2
-1/3 0  1/3 -2 1 2/ \1 1 4
1 0 0
=10 -1 0
0 0 2

If we now define v = P~1X as before, the equation ‘fi—’f = AX transforms to
the equation 2¥

7+ = AV where A is a diagonal matrix.

Ul 1 0 0 V1 U1
v 0 1 0 Vg —v9
’Ué 0 0 2 V3 21}3
Equate coordinates:
dvl d’l)2 dUg 9
a dt 2 dt s
_ ot ot 2t
V1 = C1€ Vo = C€



1 1 1 ciet
X=Pv=|1 -1 2 coe”t
1 1 4 cze?t
crel + coe”t + cge?t
crel — coe”t 4+ 2¢3e?t
cret + coe™t + degett

1 1 1
—c [ 1]+ co | —1 e 4 c3 | 2 et
1 1 4

This verifies the solution we had assumed at the outset.
The Repeated Root Case

Our solution of ‘é—’f = AX depended on being able to find a matrix an
invertible matrix P so that P"!AP is a diagonal matrix. This cannot
always be done.

Consider, for example, fl—’f = AX when X = <£;8) and A = ((2) ;) The
first step is to find the eigenvalues by solving det(A — A\I) =0

2-A 1
‘0 2—/\'_0

2-AN)2-\)=0

This time, we only get one distinct eigenvalue, A = 2. This is an example
of the repeated root case. The eigenvectors consist of all nonzero scalar

multiples of ((1)), so P = ( (1) Z) We don’t have another eigenvector to put

in the second column of P. If we take some scalar multiple of ((1)) to be the
1 ¢

0 0) will not have an inverse and we still can’t

second column, then P= (
calculate P~TAP.

2
0

Fortunately, we can still solve 4% = (

dt
what the solution looks like.

()3 D)~ ()

1\ 2. q
2) X a different way, so we can see



Comparing coordinates:

dxq dxo

— =21 +x — =2z

o 1+ T2 p 2
The solution of %2 = 2, is x5(t) = be?*, where b is a constant. If we
substitute this into % = 2x1 + 79, we get the equation dd% = 211 + be?t

which can be solved using an integrating factor.

The solution of %1 = 231 + be? is z1(t) = ae? + bte* where a is another
constant. Put these coordinates into the vector X

S ae®t + bte?t 1\ o t\ o
x-( b2t =aly)e +0 L)€

The vector (1) e?! is of the form te”!, where W is an eigenvector, but the

0
vector (f) et does not have this form.

Nonhomogeneous Equations

dxX

If P~'AP is diagonal then the equation % = AX is easily solved. The
equation C(li—’f = AX is referred to as a homogeneous differential equation.
d%

We can also solve equations of the form %% = AX + f (a monhomogeneous

1 2
-1 4

discovered that if P = (f }) then P~1AP = (g g) Let f = <e;t>.

differential equation). Let’s use A = because we have already

As usual, we make the substitution X = PV into the equation fl—’f = AR+ f

d N
= (P9) = APV +
e 3
PY APV LT
dt v
pr

P lAPV+PIf
7 Vv +

viY (2 0)[mn n 1 -1 e\ [ 2v; +e*
vy ) \0 3 Vo —1 2 0 )] \3uy—e?



Comparing coordinates, we get:

272 3y —
dt ! a0

Solve each of these using integrating factors.
= clth + te?t Vg = cze3t + %t

Now we can substitute into Pv and get the solution X

2 2 1 cre?t 4 te?!
1 1 coe3t + 2t

If we multiply out and regroup we can write the solution in the form:

- 2 1 2t +1
X201(1>62t+62<1>63t+<t_:_1 )€2t

Solution of Second Order Linear Differential Equations

The matrix differential equations we have solved can be applied to equations

of the form a2 dt2 + a1 + aoy = 0. Since we can always divide both sides
by as, we might as Well assume that as = 1, so the equation becomes
y" 4+ a1y’ + apy = 0. This equation can always be converted to a matrix

form. Let 1 =y and 25 = ¢/. If X = (i;) then the derivative of X is:

dx _ (@) _ (v ) = y’ _ T2 _ 0o 1 1
dt xs y" —apy—ary’ —apT1—a1x2 —ap —ai T2

We have just converted the scalar differential equation vy + a1y’ + agy = 0
to a matrix equation Cfi’t‘ AX. The first coordinate of X will be the solution
of y" + a1y’ + apy = 0.

Example:

Find the general solution y = y(t) of y’/ — 6y’ +8y =0

If we let X = (y ) then ‘Cil—’; = <_g é) X. We have already discovered that
the eigenvalues of this matrix are A = 2 and A\ = 4 and the corresponding

eigenvectors are (é) and (111) Therefore, the solution of ‘fi—f = AX is:

- 1Y o LY 4 c1e?t + cpett
X=a (2) ¢t (4) © = 2¢1e2t + 4eqett



The solution y = y(t) is the first coordinate of this vector so:

y = cre®’ + coe

Notice that each term is a constant times e”* where r is an eigenvalue.
Example:
Find the general solution of 3" — 2y” — ¢/ + 2y = 0.

This is a third order differential equation, but we can extend our matrix
techniques so we can solve this too. Let 1 = y, xo = v’ and z3 = vy be
the coordinates of a vector X. Take the derivative of X.

S x x x x
% 1\ 2\ 2 B 2
Th y" =2y +vy + 2y" —2x1 + 19 + 223

T 0 0 1 T2
-2 1 2 T3

We have solved Z—’f = AX for this particular matrix already. The general
solution is:

1 1 1
X=ci [ 1 ]|eP+e| =1 e M¥tes| 2]
1 1 4

Now, we can extract the first coordinate of this solution to get y(t)

Yy = clet + cze_t + 03e2t



