Variation Of Parameters
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Up to this point, you have seen how to use the Annihilator Method, com-
bined with the Method of Undetermined Coefficients to solve equations of
the form: ,

vy . dy

-7 4 p —

Here’s a quick example. Suppose we wanted to solve the following equation:
y" + 4y = 2?
We know that we must first obtain the homogeneous solution:
Yp = €1 COs 2x + co Sin 2x

and that the general solution will have the form:

Y=Yn+Yp

where y,, is the particular solution. So, how do we obtain the particular
solution? Omne way is to make a good guess. Since the right hand side
of vy + 4y = 22 is a second degree polynomial, a reasonable guess would
be that the particular solution is also a second degree polynomial, so the
general solution will have the form:

Yy = c1¢cos2x + cosin2x + ag + a1x + aox?

Another approach is to recognize that the annihilator of z2? is D3, so we
look at the solutions of D?(D? +4)y = —0 that are not already solutions of
y" 4+ 4y = 0. Either way, we still have to find the coefficients ag, a; and as.
That’s where the Method of Undetermined Coefficients comes in, because
we can solve for ag, a1 and as so that:

(D* + 4)(ag + a1 + agx?) = 2

This will lead to the final answer:

. 11,
9:01C052$+6281n2£€—§—|—1m



This is a simple method, but it has it’s limitations. What if we cannot
guess at the general form of the particular solution? What if we can’t find
the necessary annihilator? For example,

y' + 4y =Inx

Yy = €1 €08 2T + co SIn 2x + ¥,

yp =177
Or, what if we were trying to solve:
y' 4+ 4y = secx

Neither making guesses at the form of the particular solution nor trying to
find annihilators seem to help. Fortunately, there is another method that
works more generally called the Method of Variation of Parameters and
that is the purpose of these notes.

First Order Equations

Let’s turn to a first order linear equations for some insight

dy

— 4+ 2y = f(z

o T2y =f(@)
Whatever the formula for f(z) is we know what the homogeneous solution
is because we could use separation of variables on g—g + 2y =0

yp = Ce—2x

Now, multiply both sides of g—g+2y = f(z) by the integrating factor p = 2%
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ey = / e*® f(x) dw
Yy = < / e f(x) d:c) e 2

Of course, we can’t proceed any further without knowing what the f(x) is
Nevertheless, if we let v(x) = [ €** f(x) dz, we have just obtained a solution

of the form:
—2x

y =wv(x)e
So, ce”** (where c is a constant) is the homogeneous solution and v - e~
(where v is a function) is the nonhomogeneous solution. This turns out to
generalize to higher order equation.
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a3 + . + cy = f(x)

Suppose the homogeneous solution is
Y = Cc1Y1n + C2Y2hn where ¢; and ¢y are constants
It is possible to find functions
vy =vi(r) and v = vy(x)

so that the solution of

dzy dy
YY Y —
a——3 b ey = f(z)
is:

Y = V1Y1n + V2Y2n
This is the method of variation of parameters.

Formulas for v; and vy
So, how do get these functions vy and wvy? It is a straightforward but
Somewhat tedious process to substitute viy1, + voy2n into the equation

adly dx2 + b >ty =f (x) and solve for v; and ve. This is done in your
textbook and I am not going to repeat the calculation here. However, to



obtain the formulas for v; and v, we use the following formulas for their
derivatives.

doy ‘ 0  yon dv 1 4y 0
dr ~ W (a Yo dx Yin @
where VWV is a determinant given by:
Yin  Y2n
Yin  Yon

W is called the Wronskian determinant. As long as the homogeneous solu-
tions 41, and ysp are linearly independent, YV will be nonzero.

Without loss of generality, we may assume that a = 1 because we can always
divide across by the leading coefficient. So, for example, if we started with
the equation 4y"” — 8y = sinx (where a = 4), we could divide by 4 to obtain
y’ — 2y = 1sinz (and now a = 1). So, if a = 1, the formulas simplify just

a little bit:

dvp _ 1
dr

yin O
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Let’s try this method out on the equation y” + 4y = z?. We begin with
the homogeneous solutions y;, = cos2x and ys, = sin 2z. The variation of
parameters method will produce two functions v; = v1(z) and v = vo(x)
so that y = v cos 2z + vo sin 2z will be the nonhomogeneous solution. To
use the formulas, we will need the Wronskian determinant:

cos 2x sin 2x
—2sin2x 2cos2x

w—

We are ready to obtain the derivatives of v; and vy

do_ 110 Sl —lxz sin 2x
de ~ 2 |z? 2cos2zx| 2
dz 1] cos2z 0] _ lxz cos 2x
dr ~ 2| —2sin2x 22| 2




Now that we have the formulas for the derivatives of v; and vy, we have to
do some antiderivatives to get v; and vs.

1 1
v = /—§x2 sin 2x = Zaz2 Ccos 2x — §c082:c — Zwsin2x+cl

1 1 1 1
Vg = / 5:1:2 cos2x dx = Za:2 sin 2x — 3 sin 2x + Zx cos 2x + ¢o
We are now ready to get our general solution:

Y = V1 COS 2T + Vg sin 2x

1 1 1
= (ZxZ cos2x — 3 cos2x — Za: sin 2x + cl> Cos 2x

1 1 1
+ <—x2 sin 2x — 3 sin 2x + Zm cos 2x + 62> sin 2x

4
. I o 1 2 .2
= 1 coS2x + cosin2x + Zx 3 (cos 2x + sin Zx)
. 1, 1
:clcOSQ:C—l—clean—i—Za: ~3

We have obtained the same solution that we had earlier when we used the
method of undetermined coefficients, but variation of parameters caused us
to do a lot more work. The main problem is that variation of parameters
formula always requires us to do integrals to get v; and vs. In the case of the
above example, each integral required two integration by parts operations.
By contrast, the method of undetermined coefficients requires us to take
derivatives to get to our answer, but not integrals. Derivatives are generally
easier than integrals. Therefore, given a choice between using the methods
of undetermined coefficients or using variation of parameters, it’s better
to use undetermined coefficients. Unfortunately, we don’t always have a
choice. Consider the following example:

y" 4 4y = sec2x

We don’t know the annihilator of sec 2x and we have no way to guess at the
general form of the particular solution. Let’s use variation of parameters to



do this one. Just like the last example, we are looking for solutions of the
form:
Y = v1 COs 2T + Vg Sin 2x

The Wronskian determinant YV has the same value of 2 as the last example.

d’Ul 1

de ~ 2

0 sin 2x

1 .
sec2x 2cos2x - 5 SIn 2 sec 27

1 5 5 1
= —sec2rcoslxy = —
2 2

- —2sin2x sec2x

@ 1 cos 2x 0
dr 2

Now, it’s time to integrate:

1 1 in 2 1
vl:/—isin2xse62xd:p:——/sm (dezzln‘0082$’—|—cl

2 cos 2x
1 1
02:/§dx:§x+62

So our general solution is:

Yy = V1 cOs 2x + vg sin 2x

1 1
= (Z In | cos 2x| + cl> cos 2x + (5:1: + 02> sin 2x
: I . 1
= ¢1 €08 2x + ¢ sin 2x + 5z sin 2x + 7 C08 2x In | cos 2x|

The particular solution is y, = %x sin 2z + %cos 2x which is an expression
we never would have guessed. Variation of parameters was the only way to

do this problem.

Example:
Find the general solution of the following differential equation:

1
D—1)%y= ~¢"
( )y =—e

The general homogeneous solution is a linear combination of y;;, = €* and
yon = xe®. Variation of parameters will give us two functions, v; and vy so



that y = vie” +voxe” will be the nonhomogeneous solution. The Wronskian
determinant in this case is:
e’ xe®

W= e’ (z+1)e”

= (x4 1)e** — ze?* = **

We can now use our formulas to get the derivatives of v; and wvo

dvy —oz| O xe® dvsy _op | €F 0 1
d—:€ 1, x x:_l - =€ x 1l x| —
x ~e” (x+1)e dx —e x
At least the integrals are easier this time.
1
vlz/—ldx:—x—l—cl vgz/—d:czln\x]—i—cQ
x

Now we can form our general nonhomogeneous solution:
y =vie” + voxe” = (—x + ¢1)e” + (In|x| 4 c2)xe”
This is the answer, but with a little rearrangement we can simplify it.
y=cre” + (coa — 1)ze” + ze” In ||
If we let a = c; and b =cy — 1 we get:

y = ae® + bxe® + xe® In |z



