(D* 4+ w?)z(t) =0

"t we obtain:

If we substitute x = e
r = +w?

Therefore: . .
z(t) = bie't + bye Wt



“Divide 10 into two parts whose product is 40”

Jerome Cardan Ars Magna - 1545



Let x and y be the two parts we are dividing 10 into
x+y=10 xy = 40
Substitute y = 10 — z into xy = 40
z(10 — x) = 40

10z — 22 = 40
0=x°—10x + 40



2 — 10z = —40
Add 25 to both sides

2 — 10z + 25 = —15

(x —5)? = —15
r—>5==xv-—-15

r=>5Hx+v—-15



If we add 5 — v/—15 to 5+ /—15 we get 10
If we multiply 5 — v/—15 by 5 + /—15 we get 40
(5 —+v/—15)(5 + vV—15) = 5% — (v/—15)?

— 25 — (—15)
— 40



i =1
Rene’ Descartes (1628)

5+vV—15=5++/(-1)(15) =5 +iV15



Addition of complex numbers
If 21 =a+ b and z9 = ¢+ di then

z1+2z2=a+c+ (b+d)i

Multiplication of complex numbers

(@ + bi)(c+ di) = ac + adi + bei + (bi)(de)
= ac — bd + (ad + bc)i



John Wallis (1685) represented x + yi as a point in a plane




This can also be depicted as a vector

<T,Y>




William Rowan Hamilton (1830)

The notation a+ bi is just another notation for the vector (a, b)



Addition of complex numbers is just vector addition
(a+bi)+ (c+di)=a+c+ (b+ d)i

(a,b) + (¢,d) = {a+ ¢, b+ d)

u+v

=]

<l



The only new thing is a new “multiplication” of vectors called
complex multiplication

(a + bi)(c+ di) = ac — bd + (ad + bc)i

(a,b)(c,d) = (ac — bd, ad + bc)



We may use polar coordinates to describe vectors.

v =<z, Y
-
Y
M
T
z2=x+1y
T
cosf = — Sin@:g
r r



z=x 41y
x =r1rcosf y=rsinf
z=rcosf +irsinf = r(cosf + isin )

A special case would be a unit vector

z=cosf +1sind



z=cosf +1sind

dz
do

= —sinf + i cos 6



z=cosf +1sind

d
_dz = —sinf +icos6
d
_dg = i%sin @ + i cos

= (¢ sin 6 + cos 0)

=1z



z=cosf +1sind

d
s where z(0) =1

do



d
s where z(0) =1

do
d
Ra—p:
zZ
d
/—z:i/de
Z
log, 2z =10+ C

2(0) = 1 implies C =0



log, z =0



log, z =0
L — it
We started with 2z = cos @ + i sin 6 so:

e — cosO + isinf

Euler’s Formula
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)



e — cosf + isinf

Replace 6 with —6

e % = cos(—6) 4 isin(—0) = cosf — isinf



Substitute y = e"”

dx?

+4y =0



Substitute y = e"”



d2y
—Z 4+ 4y =0
dx? Ty

—2 gre solutions so the general solution is:

e2® and e

y = Clemx i 026—27,33



d2y
—Z 4+ 4y =0
dx? Ty

—2 gre solutions so the general solution is:

e2® and e

y = Cle2ix i 626—27556
= c1(cos 2z + isin 2x) + co(cos 2x — i sin 2x)

= (c1 + ¢2) cos2x + (ic; — icy) sin 2x



y = 61621'1; i 626—27556
= c1(cos 2z + isin 2z) + co(cos 2x — i sin 2x)
= (c1 + ¢2) cos2x + (ic; — icy) sin 2x

= a cos 2x + bsin 2x

where a = ¢1 + ¢ and b = ic;y — 1¢9



Example.
Solve the following differential equation along with the given
initial conditions:

y" + 4y’ +5y =0 where y(0) =0 and y'(0) = 1

Begin by substituting y = e"*



(D* +4D +5) (") =0
r2e™ L 4re™ 1+ 5" = ()
r? 4+ 4r+5=0

We could solve this with the quadratic formula or by complet-
ing the square.



r24+4r+5=0

r? 4+ 4r +4 = —1
(r+2)% = -1
r+2 =41
r=—2%41



If r = —2 + 4 then e(=279% ig 4 solution.
If r = —2 — ¢ then e(=2-9% ig a solution.
The general solution is:

y = Cle(—Q—l—i)x + 626(—2—1'):3



If r = —2 + 4 then e(=279% ig 4 solution.
If r = —2 — ¢ then e(=2-9% ig a solution.
The general solution is:

y = Cle(—2—|—i):1: + 626(—2—1')30

— 6—23: (Cleix i 026—"@)



= (2T 4 oo (—2-i)e
— 6—2x (Cleix i C2e—iaz)
= e ?* (¢i(cosx + isinx) + cp(cosx — isinz))
= e % ((c; + c3) cosx + (c1i — coi) sinx))
—2x

= e “*(acosx + bsinx)

—ae *®cosz + be *Tsinx



In general, if we substitute e"* into the differential equation
and we obtain the complex roots:

r=axif
then the following will be solutions of the differential equation:

e“* cos fx e“? sin Bx



y" + 4y’ +5y =0 where y(0) =0 and y'(0) =1

2

y =ae “*cosxt + be %% sin x

What about the initial conditions?
0 =y(0) = ae’ cos0 + be’sin0 = a

If a = 0 then,

y = be %% sinx



Next, impose the initial condition y’(0) =1

y =be **sinx

y' =D (be *"sinz)
= be **(D — 2)(sin z)
= be **(cosx — 2sinx)
1=19'(0) =be’(cos0 — 2sin0) = b

y=e Tsinx



