Exact Differential Equations
Dr. E. Jacobs
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de T+
dy  1-y°
dr  2xy —siny




dy -y
de T+

(z +y)dy = (v — y)dx

(y —x)dz + (z +y)dy =0

This is now in the form:

Mdx + Ndy =0



dy ~ 1-y°
dr  2xy —siny

(2zy — siny)dy = (1 — y*)dx
(y* — 1)dz + (2zy — siny)dy = 0

This is now in the form:

Mdx + Ndy =0



Every equation of the form:

dy

can be rewritten in the form:
Mdxr+ Ndy=20

where M = M (x,y) and N = N(z,y)






Example: If F = zy — 22, find dF.

Solution:

F F
dF:g—xda;+Z—ydy:(y—2x)daz+xdy



Solve the following differential equation:
(y — 2z)dx + xdy =0

Since dF' = (y — 2x) dx + x dy
when F = zy — 22, the equation becomes:

dFF =0
Integrate to get:

F = (C where C is some constant



ry —2°=C




An expression of the form M dx + N dy is
said to be an exact differential if there is a
function F' = F'(x,y) such that

dF = M dx + N dy

If dFF = Mdx + N dy then the equation
M dxr + N dy = 0 is called an exact differ-
ential equation.



Example: Find the general solution of:
(y —z)de + (v +y)dy =0

We can’t solve by separation of variables.



Example: Find the general solution of:
(y —z)de + (v +y)dy =0

Try to find a function F' = F'(z,y) such that
dFF = (y —z)dr+ (x + y) dy



Example: Find the general solution of:
(y—z)dz+ (x+y)dy =0
Compare the two expressions:

dFF = (y —x)dxr + (x + y) dy

OF OF
=2 il
d o dx + 9 dy



dF = (y —z)dx+ (x + y) dy

OF OF
dF = — —
o dx + 9y dy
OF OF
—=y—2 and —=x+4vy

ox



F(x,y)="7777



OF
(1) a—y—$+y

(2) F(x,y)="7777
F(x,y) = /(:C +y)dy (hold x constant)

1
=ay+ 5y +C



If FF=uxy+ y2—|—:1: thena—g—x—l—y
If F=axy+ 3 5Y° —|—81na:then—y—a:+y

(1)

OF N
=
dy Y
F(x,y) =777

1

F(z,y) =2y + §y2 + g(x)



We have a second condition:

or _
8x_y v

and this is what determines what g(x) is. If

g—izy—x andF:xy+%y2+g($) then:

2 :U—|—12—|—() — 2 —
O 929 g\wr)| =y —2I






1
F(z,y) = zy + §y2 + g(x)
]' 2 ]‘ 2
- —y2 — 224 C
:zzy+2y 2:1: + C1



(y —z)dx+ (r+y)dy =0
1

1
d(azy—|—§y2—§x2—l—01> =0

1 1
d (a:y + §y2 — 5562) =0
because d(C71) =0

12 1 2
- It =
xy+2y Qx



Example. Solve the following equation:

(y* — 1)dx + (2zy — siny)dy = 0

We can’t solve by separation of variables.
Let’s try to find a function F' = F(x,y) so
that

dF = (y* — 1)dx + (2zy — siny)dy



(y* — 1)dx + (2zy — siny)dy = 0
dF = (y* — 1)dx + (2zy — siny)dy

dF = %—5 dxr + %—Z dy so we want:
OF OF

%:yZ—l and a—yZQZCy—SHly



This time let’s start with (?9_5
If we know that

2
il R |
ox Y

then we integrate with respect to z (holding
y constant) to find F:

F=y’x—x+h(y)



F=y’z —z+ h(y)
The condition %—5 = 22y — siny will deter-

mine what h(y) is.

(,%( 2x—x+h(y)) — 2zy — siny

2xy + h'(y) = 2zy — siny
h'(y) = —siny
h(y) = cosy + C1



F=y’z —z+ h(y)

The condition %—5 = 22y — siny will deter-

mine what h(y) is.

(,%( 2x—x+h(y)) — 2zy — siny

2xy + h'(y) = 2zy — siny
h'(y) = —siny
h(y) = cosy



F=y’z— x4+ h(y)
:yzx—x—l—cosy

So the solution of
(y* — 1)dx + (2zy — siny)dy = 0

1S:
y’x —x +cosy =C



F=y’z— x4+ h(y)
:yzx—x—l—cosy

So the solution of
(y* — 1)dx + (2zy — siny)dy = 0

1S:
y’x —x +cosy =C

C' — cosy
y? —1

€T —



Example: Solve the equation:

2
(y—l— —) dr +xdy =0 where y(1) =0

X

We will look for F' such that

OF N 2 ond OF
o o 9 _
or g 0y



Let’s start with %—i =y + 2.

T

X

2
F:/<y+—> dr =xy + 2Inx + h(y)

h(y) is determined by the condition %—5 =

% (xy +2Inz + h(y)) =«

r+h'(y) =x
h(y) =0

h(y) = Cy7 where C is some constant



F=xy+2Inz+ h(y)
=xy+2lnx + C;



F=xy+2Inz+ h(y)
=xy+2lnx



F=xy+2Inx
The solution of (y -+ %) dr + xdy = 0 is:

xy+2nz=C
y(1) = 0 implies that C' = 0 so:
xy+2lnx =0

2Inx

y=—
x



Mdz+ Ndy =0

For each of these problems, we have been
solving M dx + N dy = 0 by looking for a
function F' = F'(x,y) such that %—5 = M
and %—Z = N.

What if there were no such function F?
How could we tell?



1
<2y—|——) dr+xdy =0

X

OF 2+ 1 i oOF
— = — an — =
Ox YT 0y
If g—g = 2y + % then F' = 2xy +Inxz + h(y).
But then the condition that %—Z — x would
imply that

X

((% (2zy +Inx + h(y)) =



T
) =
Inz + h(y

9 (2zy +

0y

2¢ + h'(y) =
h(y)=—a



0
— 2zy+Inz+ h(y)) ==

dy
2¢ + h'(y) = x
h(y) = —x
CONTRADICTION!

Therefore, there is no such function F' such
that dF = (2y + 1) da + z dy.



Testing for exactness

If there is a function F' such that
dF = M dx + N dy then:

oF OF
M—% and N_a_y

oM _ 9 (OF\ _ 0 (0F\ N
oy Oy\ox/) Ox\0y) O




If M dx+ N dy is exact, then %—]\; = %—];7.
If %—]\; =~ %—JX, then M dx+ N dy is not exact.
That is, there is no F' such that

dF = M dx + N dy



To illustrate this test, let’s go back to the
equation

1
<2y—l——> dr +xdy =0
x

WhereM:2y+%andN:x.

oM __ ON __

Since %—]\y/[ %—Jl, we would know not to

waste our time trying to find F' such that
dF = (2y+ %) dx + x dy.



Integrating Factors
Dr. E. Jacobs

Methods so far:

Separation of variables
Exact differential



How can we solve (2y -+ %) dr +xdy =0 if
the differential equation is not exact?



How can we solve (2y -+ %) dr +xdy =0 if
the differential equation is not exact?

Integrating Factor



Definition of Integrating Factor

Suppose
M dx + N dy

is not an exact differential, but there is a
function pu = u(x,y) such that

Mupdx 4+ Npdy

is an exact differential, then p is called an
integrating factor.



1
<2y—l— —) dr +xdy =0
x
Multiply both sides by x
(2zy + 1)dz + 2°dy = 0

Now, M = 2zy + 1 and N = z? and if we
check the partial derivatives,

and now we have an exact differential equa-
tion.



How do we find the integrating factor?

Mdx + N dy Not Exact

uM dx + N dy Exact



How do we find the integrating factor?

Mdx + N dy Not Exact
uM dx + N dy Exact
0 0

6—y(MM) = o (W)






However, if © = pu(x) the equation simplifies

0 0

—(uM) = —(uN

75 (M) = = (uN)
ou oM ou ON
M — — = N— —
oy s oy Ox s Ox
oM du ON
MOt n gy =V T e






(zy + 1)dz + 2*dy = 0
The first thing we do is check for exactness.
M=xy+1 and N = z*

oy MY Ter T

This is not an exact differential.

2x



(zy + 1)dz + 2*dy = 0

[s there an integrating factor p = pu(x) ?

M=xy+1 and N =z*

M N
%—y:x and %—x:Q:c
oM ON
d 8y 0 r—22x 1
np(e) = ———=—3—=——



d 1
- (Inp(@)) = ——
Inpg=—Inx =1In (x_l)

p=ax



Multiply both sides of the differential equa-
tion and we should get an exact differential

(zy + 1)dz + 2°dy = 0

(zy+Dax tde+2° -2 tdy=0-27"
(y+2 Hde+zdy=0



(y+2 de+zdy=0
M=y+z ' and N=xz

oM _, _oN
oy Ox

Therefore, we can find a function F'(x,y) so
that:

dF = (y+z Hde+xdy=0



dF = (y+ 2 dx +xdy=0
F=zxzy+Inx

Therefore, the solution is:

xy+Inx =C

C —Inx

X

y:



Example: Solve the following equation:
ldx + (xtany — cosy)dy = 0

Start by checking for exactness.
M =1 and N = xtany — cosy.

oM ON
—— =0 and — =tany

0y Ox

This isn’t an exact differential equation.



ldx + (xtany — cosy)dy = 0

Maybe there’s an integrating factor u(x)

d By~ Bz 0—tany

N rtany — cosy



ldx + (xtany — cosy)dy = 0

Maybe there’s an integrating factor u(x)

d By~ Bz 0—tany

N rtany — cosy

Contradiction!

There is no integrating factor u(x)



ldx + (xtany — cosy)dy = 0
Maybe there’s an integrating factor u(y)



To find the integrating factor p we must
solve

9 0
= (uM) = = (uN
&y(u )= 5 (uN)
ou oM ou ON
Y/ T NZE -
ay Moy gz Mo

If = pu(y) then simplifies to:

du oM ON
M — — = —
dy T oy oy



d oM ON
M — —
dy TESy oy ~ Mo

After some rearranging of terms, we get:

Ldp %~ 5y
1 dy M
or, equivalently,
d 5 By
gy ) = =3



ldx + (xtany — cosy)dy = 0

If there is an integrating factor u = u(y)
then:

ON oM
d 9z Oy tany — 0

d_y(ln:u(y)) — M — 1




d

4 (np(y) = tany

Inp = /tanydy

— — In(cos(y))
= In (secy)

If In u = Insecy then:

L = secy



[t = secy

ldx + (xtany — cosy)dy = 0
secydx + (rsecytany — secycosy)dy = 0

secy dx + (rsecytany — 1)dy = 0

OM ON
—— =secytany and —— =secytany
Oy ox

This must be an exact differential equation.



secydr + (xsecytany — 1)dy =0
dF =secydx + (rsecytany — 1)dy = 0

OF OF
a—zsecy and — = axsecytany — 1
x

Ox
F=xsecy —y

Therefore, the solution to the differential
equation is:

rxsecy —y=0C



Summary of Procedure

To solve the equation M dx + N dy = 0 go
through the following steps:

1. You might as well check to see if you can
solve by separation of variables first.

¢ OM __ ON
2. CheCk lf 8_y = oz

If these are the same, solve for a function F’
so that dF' = M dx + N dy and the solution

of the differential equation is F'(x,y) = C.



3. If the equation is not exact, try to find an

integrating factor y = u(x) If the expression
OM _ 8N

2= does not depend on the variable y

at all, then the following equation can be
used to get the integrating factor:

dx

Multiply both sides by u(x) and you will get
an exact differential equation.



4. If there is no integrating factor depend-
ing on x alone, then try to find u = u(y)

ON M

If the expression “*=-"* does not depend

on the variable x at all, then the following
equation can be used to get the integrating
factor:

Multiply both sides by u(y) and you will get
an exact differential equation.



5. If the integrating factor © does not de-
pend on x alone and it does not depend
on y alone, then p will depend on both x
and y and it may be impossible to find. In
this case, there may be some special vari-

able substitution that can be used to solve
Mdx + N dy = 0.



