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And finally, back to differential equations



A matrix is a rectangular array of numbers
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Alternate notation for matrices:

2 1 1 0 a b :
(O 3) (O 1) (c d) 2 by 2 matrices
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Suppose a vector u has coordinates ui, us and wus.
The following are all equivalent notations for u.

u1f+ ugf+ u312

<U1, ua, U3>

Uy
U2
us



Scalar Multiplication:

If 4 is a vector and c is a scalar, the scalar multiple
cu is defined as follows:

u— u1i+u2j —|—’LL3k

cu = cuii + cusj + cusk



Scalar Multiplication:

If 4 is a vector and c is a scalar, the scalar multiple
cu is defined as follows:

U1 Cu1
C U9 = Cu9
Uus Cus



In general, if A is a matrix and c is a scalar, we
obtain the matrix cA by multiplying each entry of
A by c.

Example:
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Vector Addition

If the coordinates of U are uy, us and us and the
coordinates of v are vy, vy and vs, then we define
the vector sum (resultant) to be the vector obtained
by adding corresponding coordinates.

u= ’U,li—l—’UQj —|—’LL3k
vV = ’Uli—l—’Ugj —|—’l}3k

— —

u+v= (u1 —+ Ul)i —+ (’LLQ —+ ’UQ)j —+ (’LL3 —+ Ug)E



Vector Addition

If the coordinates of U are uy, us and us and the
coordinates of v are vy, vy and vs, then we define
the vector sum (resultant) to be the vector obtained
by adding corresponding coordinates.

(51 V1 U1 + U1
U9 + V9 = U9 + V9
us U3 usz + v3



Example:



To add two matrices A and B, simply add corre-
sponding entries.

Example:
1 1 2 4 3 2
A=|2 0 3 B=[3 2 1
4 5 5 2 1 0
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Matrix addition is not necessarily defined:
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An expression of the form ¢y A+coB is called a linear
combination of A and B.

Example:
1 1 2 4 3 2
A=|2 0 3 3 2 1
4 5 5 2 1 0
Calculate 2A — B =2A + (—1)B
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How do we multiply matrices?






¥ = A%

(y1> _ (@ b I
Y2 c d I
Y1 = axy + bxo

Y2 = cr1 + dxo









System of Linear Equations
Solve for x and y

20 + 3y =4

dx + 5y =6



Solve for x1 and z»
201 + 319 =4

4:131 —|—5ZC2 =0



Solve for x1 and z»
201 + 319 =4

4:131 —|—5ZC2 =0

251?1 + 333‘2 . 4
4561 + 5562 - 6



Solve for x1 and z»
201 + 319 =4

4:131 + 5:132 =0
251?1 + 333‘2 . 4
4561 + 5562 - 6
2 3 I o 4
4 5 9 - §

This is now of the form AX = (é). Solve for X



Example:
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Calculate the product AX



1 1 2 T
A=12 0 3 X = | o2
4 5 5 I3

Calculate the product AX

1 + o + 223
2x1 + 3x3
456‘1 + 5332 + 5:133



1 1 2 T
A=12 0 3 X = | o2
4 5 5 I3

Calculate the product AX

Y1 x1 + X2 + 223
Y2 — 2:131 + 35133
Y3 4dx1 + dx9 + dx3



Y1 r1 + T + 213
Y2 | = 2x1 + 323
Y3 41 + dx2 + dx3

y1 = T1 + T2+ 213
Yo = 21 + 3x3
Yz = 4%1 -+ 5%‘2 + 5563



y1 = T1 + T2+ 213
Yo = 21 + 3x3
Yz = 4%1 -+ 5%‘2 + 5563



n 1 1 2 T
Y2 — 2 0 3 i)
Y3 4 5 5 L3

Y1 = T1 + T2+ 223
Yo = 211 + 3x3
Y3 = 4%1 -+ 5%2 + 5563

A system of linear equations can always be written
as a matrix equation y = AX






a9 = (2 3) (21
(i ym i)

221 + 39 + 2y1 + 3ys )
4x1 + Sx9 + 4y1 + 5Yo



2(561 + yl) + 3(%2 -+ y2) )
4(x1 + y1) + 5(w2 + y2)

2x1 + 3xo + 2y1 + 3yo
dxq1 + dxo + 4y1 + dYo

2x1 + 329 ) <2y1 + 3y2

)



2(561 + yl) + 3(%2 -+ y2) )
4(x1 + y1) + 5(w2 + y2)

2x1 + 3xo + 2y1 + 3yo
dxq1 + dxo + 4y1 + dYo

2x1 + 329 ) <2y1 + 3y2

)
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(2 3 5 [ 21
Let A—(4 5) X—(@)

C1T1 + C2Y1
C1T2 + C2Y2

. . (2 3 C1T1 + C2Y1
A(clx+C2Y) — (4 5) (615172 —I—C2y2)

_ (2(01:1:1 + 02y1) + 3(01513‘2 + 02y2)>

(%)

c1X + oy = (

4(c1z1 + cay1) + 5(c1xa + cay2)



. (2 3\ [caxi+can
A(ciX + cy) = (4 5) (C1IE2 4 62y2>

_ (2(61331 + cay1) + 3(c1x2 + c2y2) )
4(c1z1 + coy1) + 5(c1xa + c2y2)

_ 2c1x1 + 3c1xo + 2¢0y1 + 3c21o
deixq + dejxo + 4C2y1 + 562y2

_ [ 2c121 + 3@ 2c2y1 + 3cay2
4cixq + Hepxs deoyr + Heays

— ClA)z + CQA.}_;



a11 a2
azy Aa22
More generally, let A = :
anl An2
L1 Y1
S L2 . Y2
If x= y = .
Ln, Yn

then A(Cl)_f -+ ng) = clA:Tc’ -+ CQA.}_;



If T" is an operation that distributes over linear com-
binations, then T’ is called a linear operation

T(au+ bv) = aT(u) + bT'(v)



Let Dy stand for %
dx

D(2sinx + 3tanx) = 2cosx + 3sec’



Let Dy stand for %
dx

D(2sinx + 3tanx) = 2D(sinx) + 3D (tan x)



If f(zr) and g(x) are functions then if a and b are
constants then:

D(af(z) +0(g(x)) = aD(f(z)) +bD(g(z))



If f(zr) and g(x) are functions then if a and b are
constants then:

D*(af(z) +b(g(x)) = aD*(f(z)) + bD*(g(z))



The Derivative Operator D? + aD + b

Definition:

(D* +aD +b)f(x) = D*f(x) + aDf(x) + bf (x)



Examples. Suppose y = f(x)

Yy
(D* 4+ 4)y = T3 T4y
d*y _dy
2 _
(D" =2D)y = oz ~ 24y
2y d
(D2 4+ 6D +2)y = —2 + 62 4 24

- dx? dx



d?y

Suppose y = af(x) + bg(z)
(D* +4)y = (D* + 4)(af(z) + bg(z))
= D*(af(x) + bg(x)) + 4(af(z) + bg(z))



d?y

Suppose y = af(x) + bg(x)
(D* 4 4)y = (D* + 4)(af (z) + bg(z))

= D*(af(x) + bg(x)) + 4(af(z) + bg(x))
= aD?f(z) +bD*g(x) + 4af(x) + 4bg(z)



d2y

Suppose y = af(x) + bg(x)

(D* +4)y = (D* +4)(af(x) + bg(z))
= D*(af(x) + bg(z)) + 4(af(x) + bg(z))
= aD?f(z) +bD?g(x) + 4af(x) + 4bg(z)
= a(D*f(x) + 4f(x)) + b(D?g(x) + 4g(x))
= a(D* 4+ 4) f(x) + b(D? + 4)g(x)



The following differential operator is linear:

L=D?+aD+b

Lcif(z) + c29(x)) = ecrl f(x) + c2Lg()



Differential Equation:
Find a function y = y(z) that solves the equation:

Py dy
CY 0 by =0
dx? +adaj + 0y

(D2—|—aD+b)y:O

Matrix Equation:
Find a vector X that solves the equation:

AX =0



