Differential Equations
Dr. E. Jacobs

The Exponential Shift Theorem



Py dy
243 oy =0
dx? + dx 2y

(D*+3D+2)y=0



(D? +3D +2)y =0

Look for solutions of the form e™*
(D? +3D +2) (") =0

r2e™ 1L 3re’ 4+ 2™ = ()
> +3r+2=0



4+ 3r+2=0
(r+1)(r+2)=0

r—=—1 and r=—2



(D*+2D + 1)y =0

Look for solutions of the form e™*

4L r+1=0



4+ 2r+1=0
(r+1)(r+1)=0

r=—1



(D*+2D + 1)y =0

The only solution of the form y = e is

e~ . The general solution is:

y=ce “+co( 7 )






—(g(@) f(x)) = g(@) f'(2) + ¢ (2) ()

D (er:cf(x)) — erxf/(x) + Ter:cf(x)
D (" f(x)) = €™(D +7)f(x)



DQ(@"“xf(x)): D(D (e f(x

D (™ f(z)) = e™(D +7)f(x)
)
=D (e"(D +7)f(x))



Replace f(x) with (D + 1) f(z)

D(e?“aj‘

D (e™|f(x))

(D +7r)f(x)

=e""(D +1r)|f(:

) = e (D)




D™ f(z)) =™ (D +r)f(z)
D?(e" f(z)) = D(D (¢"" f(z))
=D (™ (D +r)f(z))
=" (D+r)(D+r)f(r)
e’ (D +r)° f(x)






Example
If y = z*e”, calculate the third derivative.



Example.
If y = z*e”, calculate the third derivative.

Solution:

D3y = D3 (z4e”)
= e*(D + 1)%2*
= e*(D? +3D? +3D + 1)(z)
= "(24x + 362% + 122° 4 2*)



Let P(t) be the following polynomial:

P(t) = ant™ + an_1t"" 4+ - 4 art + ag

n
— E ak.tk
k=0



P(D) stands for the derivative operator:
an D" +a, D" 1+ - 4+a;D+ ag

In summation notation:

n

P(D) =" ayD"

k=0



P(D) (" f(x)) = 3 axD* (7" ()

k=0

— Z are™ (D +1r)" f(x)
k=0

= e Z ar(D + )" f(z)

k=0
= P(D +1)f (@)



The Exponential Shift Theorem

P(D)(e"™ f(x)) = " P(D +7)f(x)



Example
Let y = e *sinx. Calculate the expression

y// _|_ y/

Solution:

(D* + D)y = (D*+ D) (e *sinx)
=e ¥ ((D—-1)>+ (D —-1)) (sinz)
=e *(D? - D) (sinz)

= e *(—sinx — cos x)



Example
Solve the differential equation:

d*y  dy
— + 2= =0
dx? + dx Ty

y=ce “+co( 7 )



X

Let u = e®y. Therefore, y = e "u

(D+1)°’y=0
(D+1)* (e "u) =0
e *D*u =0
D*u =0



X

Let u = e®y. Therefore, y = e "u

(D+1)°’y=0
(D+1)* (e "u) =0
e *D%*u =0
D?u =0
Du = Cl



X

Let u = e®y. Therefore, y = e "u



Example
Solve the differential equation:

(D —4)’y =0

y=ae®+b( 7 )+c( 7 )



Let u = e~**y and substitute into the equa-
tion.

(D —4)° (e**u) =0
e** D3y =0
D?u =0

Now, integrate both sides three times to ob-
tain:
uw = a + bx + cx?



uw=a-+ bxr -+ cx?

y = e*®u = ae*® + bre?
Xz
re'® + cx’et”



