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Today’s Topic : The Spring Equation
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Case 1. (Overdamped Case)

Suppose β2 − 4mk > 0
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Both r1 and r2 are negative numbers



β2 − 4mk < β2√
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Case 1. (Overdamped Case)

Suppose β2 − 4mk > 0
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y(t) = c1e
r1t + c2e

r2t

lim
t→∞

y(t) = 0



Case 2. (Critically Damped Case)

Suppose β2 − 4mk = 0

r =
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= − β
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This is the repeated root case

y(t) = c1e
− β

2m t + c2te
− β

2m t
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Suppose m = 1, β = 4 and k = 4.
Initial conditions: y(0) = 1, y′(0) = 0

β2 − 4mk = 42 − 4(1)(4) = 0

y = e−2t + 2te−2t



y(t) = e−2t + 2te−2t



Case 3. (Underdamped Case)

Suppose β2 − 4mk < 0
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←− Complex number
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Suppose β2 − 4mk < 0
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Let ω =

√
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r = − β

2m
± ωi

y(t) = c1e
− βt

2m cosωt+ c2e
− βt

2m sinωt
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Suppose m = 1, β = 4 and k = 20

β2 − 4mk = 16− (4)(1)(20) = −64 < 0

With the initial conditions y(0) = 0 and y′(0) = 8,
we obtained:

y(t) = 2e−2t sin 4t



y(t) = 2e−2t sin 4t



Underdamped Case:


