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Today’s Topic : Nonhomogeneous Equations



Homogeneous Equation:

P (D)y = 0

Nonhomogeneous Equation:

P (D)y = f



P (D) = anD
n + an−1D

n−1 + · · ·+ a1D + a0



P (D) =
∞∑
k=0

akD
k



Homogeneous Linear Equation: P (D)y = 0

(D + 2) y = 0(
D2 + 3D + 2

)
y = 0(

D3 − 3D2 + 3D − 1
)
y = 0



Homogeneous Linear Equation: P (D)y = 0
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Nonhomogeneous Equation: P (D)y = f
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Nonhomogeneous Equation: P (D)y = f

dy
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Spring Motion:

(mD2 + βD + k)y(t) = 0



Add in the force of gravity

(mD2 + βD + k)y(t) = mg



Electric Circuit - no external voltage source(
LD2 +RD +

1

C

)
Q(t) = 0



Add a voltage source to the circuit:(
LD2 +RD +

1

C

)
Q(t) = E(t)



Linearity

D(c1f(x) + c2g(x)) = c1Df(x) + c2Dg(x)

D2(c1f(x) + c2g(x)) = c1D
2f(x) + c2D

2g(x)

D3(c1f(x) + c2g(x)) = c1D
3f(x) + c2D

3g(x)

...

Dk(c1f(x) + c2g(x)) = c1D
kf(x) + c2D

kg(x)





If P (D)y1 = 0 and P (D)y2 = 0 then any linear
combination of y1 and y2 will also solve P (D)y = 0

P (D)(c1y1 + c2y2) = c1P (D)y1 + c2P (D)y2

= c1 · 0 + c2 · 0
= 0



Example:
(D2 − 4)y = 0

e2x and e−2x are solutions.

A more general solution would be:

y = c1e
2x + c2e

−2x



(D2 − 4)y = 2x

If y1 and y2 are solutions of this equation, will any
linear combination also be a solution?





(D2 − 4)y = 2x

Will there be any solutions of the form y = erx ?



(D2 − 4)y = 2x

Will there be any solutions of the form y = erx ?

(D2 − 4) (erx) = 2x

r2erx − 4erx = 2x

r2 − 4 = 2xe−rx

Contradiction!



Let’s compare the solution of

AX⃗ = 0⃗

to the solution of

AX⃗ = F⃗
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=
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X⃗ = X⃗h + X⃗p



P (D)y = 0

Suppose the general homogeneous solution is a linear
combination of:

y1, y2, · · · , yn

What can we say about the solution of:

P (D)y = f(x)



Suppose we have two functions yp and yq that solve
P (D)y = f(x)

P (D)yp = f(x) P (D)yq = f(x)

P (D)(yq−yp) = P (D)yq−P (D)yp = f(x)−f(x) = 0

yq − yp solves P (D)y = 0



Since yq − yp solves P (D)y = 0, it must be a linear
combination of y1, y2, · · ·, yn

yq − yp = c1y1 + c2y2 + · · · cnyn

yq = c1y1 + c2y2 + · · · cnyn + yp

yq = yh + yp


