Differential Equations
Dr. E. Jacobs

Today’s Topic : Method of Undetermined Coeflicients



Theorem:
Suppose yy, is the general solution of P(D)y =0
Let y, be any solution of P(D)y = f(x)

The general solution of P(D)y = f(x) is:

Y =Yp + Yn



D?*y =12z + 4

We know that the general solution is y = y, + yp,
Start with the homogeneous equation D?y = 0



D?*y =0

Dy:/()dx:(H—const

Yy = / (const) dx = (const)x + const



D?*y =0
Dy:/()dx:(H—const

Yy = / (const) dx = (const)x + const

Yn = C1 1 C2X



D?*y =12z + 4

Dy:/(12:13+4)d:z::6x2—|—4:v+02

y:/(6x2—i—4x—|—(]2)d:6:2x3—|—2$2+02x+01

Note that y;, = C1 4+ Cyx and y, = 222 4+ 223 so the solution is
now in the form:

Y =Yp + Yn



Alternative approach:
D?*y =12z +4
D?D?*y = D*(12x + 4)
Dy =0

D? is an annihilator of 12z + 4
Any solution of D?y = 12z + 4 also solves D%y = 0
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Equation 1 D?*y =12z +4

Equation 2 Dy =0

2 3
Y =C1 + CoT + C3T” + C4,@

The actual solution is:

y = c1 + cox + 22% + 227



Example - Method of Undetermined Coefficients
Solve the equation:

(D* +4)y = 2 + 4z + 1227

The solution has the form y =y, + yy,
Find y;, by solving (D? +4)y = 0



(D? +4)=0

Substitute e"*
r4+4=0

r = L2

The solution is a linear combination of €2 and e 2

Using Euler’s formula, we can write this in terms of cos 2z and
sin 2x



(D* +4)y = 2 + 4z + 1227

The solution has the form:

Y =1Yp+Yn = Yp + C1082x + c28In 2w



(D* +4)y = 2 + 4z + 1227
D*(D?* + 4)y = D?(2 + 4z + 1227%)
D3(D? +4)y =0

To solve, substitute e™*
r3(r? +4) =0

r = +2i and r = 0 (repeated)

Solutions: cos 2z, sin2z, "%, e’

rew, x



Equation 1 (D? + 4)y = 2 + 4z + 1222

Equation 2 D*(D? +4)y=0

y = aq cos 2z + as sin 2z + aze®® + aqze’® + a5z

=|ay cos 2x + ag sin 2x
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Solve for by, by and b3 so that:

(D? 4 4)(by + box + b3x?) = 2 + 4x + 1227



Solve for by, by and b3 so that:
(D? 4 4)(by + box + b3x?) = 2 + 4x + 1227

Yp = b1 + box + bzx”
Dzyp = 2b3



Solve for by, by and b3 so that:
(D? 4 4)(by + box + b3x?) = 2 + 4x + 1227

4y, = 4by + 4byx + 4bsz?
Dzyp = 2b3

(D? + 4)y, = D?y, + 4y, = 4by + 2b3 + 4byx + 4b3z?



Solve for by, by and b; so that:

(D? + 4)(by + bz + bsz®) = 2 + 4z + 122>

Ly, = 4by + 4bsx + 4bza”
Dzyp — ZZ)?.

(D2 +d)y, = Dzyp + 4y, =
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4b3 = 12 so by =3

4b2:480b2:1

1
4b1+2b3:280b1:§(1—b3>:—1

Yp = b1 + box + b3z = —1 + x + 322



(D* +4)y = 2 + 4z + 1227

Y = aq cos 22 + as sin 2z — 1 + = + 322



Solve the equation:
(D? +4)y = e**

Y =Yp + Yn

We already know that y, = aq cos2x + as sin 2x






D (e**) = 2e**
D (6236) —2¢%* =)
(D —2) (") =0

The operator D — 2 annihilates e?*

More generally, D — r annihilates e"*



(D? +4)y =
(D —2)(D* +4)y = (D —2) (e**)
(D —2)(D*+4)y =0



(D —2)(D?* +4)y =0

Solution is a linear combination of cos 2z, sin 2z, e2*

Y = a; cos 2z + asy sin 2x + be?* = Yn + Up

Solve for b so that (D? 4 4)y, = €**



Solve for b so that (D? + 4)(be?*) = 2*
4be® + 4be** = 2"

8b62x — €2w
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(D +4)y = €e**

1 2x .
Yy = §6 + a1 cos 2x + ag sin 2x



Example: Find the general solution of:
(D* 4+ 2D + 1)y = 2° + &**

Start by finding vy,



To find y,, solve:
(D* +2D + 1)y =0

(D+1)*y=0

=aje” ¥ +agsxe "
1



Example: Find the general solution of:

(D* 4+ 2D + 1)y = 2° + &**

Y =Yp+are " +agxe "



(D* 42D + 1)y = 2° + &**

Could try guessing the form of y,

Yp = b1 + box + byz? + ce?®



(D* 42D + 1)y = 2° + &**

D3 is the annihilator of x?
(D — 2) is the annihilator of ¢?*



D3(D —2) (2% + €**) = D*(D — 2) (z*) + D*(D — 2) (**)
= (D - 2)D* (z%) + D*(D - 2) ()
= (D —2)(0) + D*(0)
=0



(D* 42D + 1)y = 2° + &**
D*(D —2)(D*+2D + 1)y = D*(D — 2) (2 + €**)
D*(D —2)(D*+2D + 1)y =0



D*(D —2)(D*+2D + 1)y =0

Substitute e"*
r(r—2)(r+1)?=0

Solutions: 7 = 0 (repeated) r =2  r = —1 (repeated)
y=are %+ agre % + b€ + boxe®® + bgx?el” + ce*®

Yp = b1 + bax + byz? + ce®



(D* 42D + 1)y = 2° + &**
Yp = b1 + box + bgz® + ce®”

Solve for by, by, b3 and ¢
2Dy, = 2by + 4bzx + +4ce®®

D?y, = 2bs + 4ce*”



(D* 42D + 1)y = 2° + &**

Yp = b1 + oz + byz? + ce”

2Dy, = 2by + 4bgw + 4ce*”
D2yp = 2bg + 4ce*®

(D? 42D + 1)y, = by + 2bg + 2b3 + (by + 4b3)x + bzx? + 9ce®”
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by +4b3 = 0 so by = —4

b1—|—2b2—|—2b32080b1:6

1
yp:b1+bzx+bga?2—|—ce2”:6_4$+x2+§€2x



(D* 42D + 1)y = 2° + &**

:6_ 2 1 2x —
J 4x + x +§e +a1e”? + agxe™”



