Differential Equations
Dr. E. Jacobs

Today’s Topic : Annihilators



(D? +4)y =
(D —2)(D* +4)y = (D —2) (e**)
(D —2)(D*+4)y =0



An annihilator of f(z) is an operator A(D) such that

A(D)f(x) =0



Annihilators:
D?*(4z +5) =0

(D—-2)(e*) =0






Function Annihilator

QS'n Dn—i—l

e D—r



Exponential Shift Theorem:

P(D) (" f(x)) = " P(D +7)f(z)



Examples:



Function Annihilator

QS'n Dn—i—l

e D—r

e’ (D . T)n—i—l



Equivalently,
(D* —2D)y = xe*®

Start by finding the homogeneous solution yp



Homogeneous equation:
(D* —2D)y =0
Substitute e™*
2 —2r =0
r(r—2)=0
Solutions are r =0 and r = 2

2x

yn = c1€%% + c0e?® = ¢q + c9e”



(D* —2D)y = xe*®

Y =1Yp+yn=7Yp+c1+coe”



(D* —2D)y = xe*®
(D —2)*(D? — 2D)y = (D — 2)*(ze**)
(D —2)*(D*-2D)y =0



(D —2)*(D? - 2D)y =0
(D—-2)*(D—-2)Dy=0
(D —2)>Dy =0

Substitute e"*
(r—2)%r =0

Solutions : r = 2 (repeated) r=0

Yy = 1% + c9e®® + byxe®® + boxle?®



(D —2)2(D? —2D)y =0
(D —2)*(D —2)Dy =0

(D—2)3Dy=0
Substitute ™
(r—2)° =0
Solutions : 7 = 2 (repeated) po—{}
Y = ey e 4 eS| bize?® 4 bepte?®

W

W

(general form)



Solve for b and by so that y, solves (D? — 2D)y,, = xe?*

(D2 —2D) (blxe% + b2x262‘”) — re?®



(D2 —2D) (blme% + b2$262$) — re?®
e (D +2)* —2(D +2)) (b1 + baa?) = ze*”
e (D2 + 2D) (b1x + byx?) = we*®
e* . (2by + 2by + 4byx) = xe*”
201 + 20y + 4box = x
2b1 + 200 =0 4by =1



201 + 2b5 =0

by = —bs

bo

Yp = bire®® 4 byr?e®® = —

4by =1
1
4



(D* —2D)y = xe*®

1
Y =cy + coe®® — Zme% + 1x262"3



Example: Find the solution of:

d*y : /
G0z — Y =sing where y(0) =y (0) =0

Start by finding yy,



dzz Y0
Substitute "
r?—1=0
r= =41

yp = c1e” + coe”



de . /
G-z — Y =sinz where y(0) =y (0) =0

x

Y =1Yp+cre’ +coe”

What is the annihilator of sinz 7



¥ =cosx +isinx

e " =cosx —isinx

Solve for cosx and sinx

1 1T —ix
COST = 5 (e + e )
sinx = 2% (em — e_m)

Since (D —1i)(e**) =0 and (D +4)e™® =0, (D —4)(D +1) will

annihilate any linear combination of e** and e™**



(D—i)(D+1i)=D*—i*=D?—(-1)=D*+1
(D? + 1)(acosz + bsinx) = 0

More generally,

(D* 4 w?)(acoswzx + bsinwz) = 0



d?y

5 Y= sinz  where y(0) =¢'(0) =0

(D* — 1)y =sinz
(D* +1)(D? — 1)y = (D? + 1)sinx
(D> +1)(D?* - 1)y =0
Substitute e and solve for r

r =41 r =41

y=-cie’ +ce ¥4+ acosx+ bsinx



Solve for a and b so that y, = acosz 4 bsinx solves
(D* + 1)y, = sinx

(D* —1)(acosx + bsinz) = sinx
(—acosx —bsinx) — (acosx + bsinx) =sinz

—2acosx —2bsinx = 0cosx + 1sinx



d?y

5 Y= sinz  where y(0) = ¢’ (0) =0
T
1

T _gsingx
2

y = cre’ + coe”
y(0) = 0 implies that 0 = ¢; + ¢2 80 3 = —¢3

1

T — —singx
2

y=cre’ —cre”



1

x

y=cre’ —cre” —§Sinx
/ xT —X 1
Yy = cre” +cre —§COSZE
1
O:y(O):cl+cl—§
1
Cl—Z
1 1 1
y=-€e——-e ¥ — —ginx



sinx = 2% (em — e_m)
COST = % (em + e_m)

Hyperbolic sine and hyperbolic cosine:

(" — )

DO | —

sinhx =

coshx = (em + e_‘”)

DO | —



1, 1 _. 1.

46 46 2smx

1 1 1
—-—(e‘”—e_$)——sinx
2 2 2

1 1
§sinhx—§sinx



