Differential Equations
Dr. E. Jacobs

Today’s Topic : my” + By’ + ky = F(t)
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Start with the homogeneous equation

(mD? + BD + k)y =0

Vamk — (52
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Let w=

_ Bt _ Bt
y(t) = cre” 2m coswt + coe” 2m sin wt



(mD? + 8D + k)y = mg

B Bt
Y="Yp T Ynh = Yp + Cle_ﬁ Ccos wt + CQB_ﬁ sin wt



(mD? + D + k)y = mg
D(mD? + BD + k)y = D(mg)
D(mD?*+ 8D +k)y =0

Substitute e to obtain r(mr? + fr + k) = 0
The solution of mr? + Br + k = 0 leads to yp,
The solution r = 0 gives us the general form of y,,

y, = ce’ = ¢



Substitute y, = ¢
(mD? + 8D + k)y = mg

(mD* + BD + k)(c) = mg

kc = mg
mg

k

C =



(mD? + 8D + k)y = myg

mg Bt _ Bt
y(t) = —= 4 c1e” 2m coswt + coe” 2m sinwt
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mg _ Bt Bt
y(t) = —= 4 c1e” 2m coswt + coe” 2m sin wt
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If the mass at the end of the spring is displaced x
meters, the force of the spring is:

F, = kx
Force of gravity is mg. These forces balance when:

kxr = mg

mg

k

r =



mg
I + cye€

_ Bt _ Bt
2m cosSwtl + coe 2m sinwt




Periodic Forcing Function

d2
ky = F'(t
dt2+6 Yt ky = F(t)

Let F(t) = cos~t
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d*y  dy
m—y +ﬁ$ + ky = cos~yt

Let m=1,8=2,k=9and y=3
(D* 4 2D + 9)y = cos 3t

Y="Yp+Yn
Start by solving (D? + 2D + 9)y = 0 to find yj,



(D*+2D+9)y =0
Substitute e
4+ 2r+9=0
4+ 2r+1= -8
(r+1)% = -8
r=—-14++v-8=—-14+2v2i



If » = —1 4 24/2i then the solution is a linear com-
bination of e(~1T2V2)t gnd e(—1-2V2i)t

Apply Euler’s formula and you will obtain a linear
combination of e~t cos 2v/2t and e~ sin 2v/2t



(D* 42D + 9)y = cos 3t

Y=Yp T+ Yn =Yp + cle_t COS 2\/575 + CQe_t sin 2\/575



(D* 42D + 9)y = cos 3t
(D* 4 9)(D? + 2D + 9)y = (D? + 9)(cos 3t)
(D* +9)(D* +2D +9)y =0
Substitute e

(r* +9)(r* +2r +9) =0

The solution of 72 + 2r +9 = 0 leads to yp



r?+9=0
r = +3i
1t

yp is a linear combination of e** and =3

We can use Euler’s formula to write this as a linear
combination of cos 3t and sin 3¢

yp = Acos3t + Bsin 3t

This is the general form of y,



Solve for A and B so that y, = Acos3t 4+ Bsin 3t
solves (D? 4+ 2D + 9)y = cos 3t

yp = Acos 3t + Bsin 3t

Dy, = 3B cos 3t — 3Asin 3t
D?y, = —9A cos 3t — 9B sin 3t



Solve for A and B so that y, = Acos3t 4+ Bsin 3t
solves (D? 4+ 2D + 9)y = cos 3t

9y, = 9A cos 3t + 9B sin 3¢

2Dy, = 6B cos 3t — 6Asin 3t
D?y, = —9A cos 3t — 9B sin 3t
Add these up

(D* + 2D +9)y, = 6B cos 3t — 6A sin 3t



(D* + 2D +9)y, = 6B cos 3t — 6A sin 3t
We want to solve (D? + 2D + 9)y = cos 3t, so

6B=1 and —-—64A=0

1
BZE and A=0

1
yp = 6 sin 3t



(D* 42D + 9)y = cos 3t

1
y= 6 sin 3t + c1e” ! cos 2v/2t 4 coe ! sin 2v/2¢



(D? 4+ 2D + 9)y = cos 3t

| !
= G sin3t + c1e "t cos 2v/2t + coe "t sin 2v/2¢

and y'(0) =0

o] =

Add on initial conditions : y(0) =

[ 1
§ =(gEn 3t |+ En&‘:_1 cos 2v/2t

Jp !




(D? 4+ 2D + 9)y = cos 3t

! . )
y = —smdt + ¢ et cos 24/2t + cze_t sin 2v/2t

6

Add on initial conditions :

Yy =

y(0) = % and y'(0) =0
L L :
—sin 3t{+|-e " cos 2v/2t
6 2
steady-state transient

part

part



1
Yp = ie_t cos 2v/2t

1
lim —e tcos2V2t = 0
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1 1
Yy = G sin 3t + ée_t cos 2v/2t
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d2
my +5 +ky=cosyt
y:yh+yp

Bt Bt
Yp = c1€ 2m coswt + coe” 2m sinwt
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where w =



(mD?* 4 BD + k)y = cos~t
(D2 + 72) (mD2 + 6D + k) Yy = (D2 + 72) (cos~t)
(D*4++%) (mD*+ 8D +k)y=0

Substitute y = e



(D*4+~%) (mD?*+ 8D +k)y =0

Substitute y = e

(7“2 —|—72) (mr2 —I—BT—I—k) =0

The solution of 72 4+~? = 0 will give us the particular
solution.
yp = Acosyt + Bsin~yt



Yp = Acosvyt 4+ Bsin~yt
Solve for A and B so that (mD?*+3D+k)y, = cost

Yyp = Acosvyt 4+ Bsinyt

y,, = Bycosyt — Aysinyt

Y, = —A~? cosyt — By? sin vt



Yp = Acosvyt 4+ Bsin~yt
Solve for A and B so that (mD?*+3D+k)y, = cost
ky, = Ak cosvt 4+ Bksin~yt
By, = BBy cosvyt — ABysin~yt

myg = —Amfy2 Ccos Yyt — Bmfy2 sin vyt
Add these up



my, + By, + ky =(A(k — m~?) + Bf37) cos vt
+ (—5714 + B (k - m72)) sin vt

We want my,, + By, + ky to equal cos~yt



(k — m’yz) A + ByB =1
—BvA + (k — m’y2) B=20



(k — m’yz) A + ByB =1
—BvA + (k — m’yz) B=20

A — k — mny?
(k —my?)” + 5277
B el

(k- my2)? 4 52



kE — m~y?
(k —mA2)* + 5297
by
(k — m72)2 + [B2~2

A=

B =

Bt Bt | .
y = cre” 2m coswt+coe 2m sinwt+A cosyt+Bsinvt



k — m~?
(k —my?)” + 522
_ 5y
(k —mA2)” + 5242

Please note that this solution assumes

A=

(k —m~?)" + 8242 £0



