Differential Equations
Dr. E. Jacobs

Today’s Topic : Resonance



d?y







d2
my +5 +ky=cosyt
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Yp = c1€ 2m coswt + coe” 2m sinwt
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where w =



kE — m~y?
(k —mA2)* + 5297
by
(k — m72)2 + [B2~2
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Bt Bt | .
y = cre” 2m coswt+coe 2m sinwt+A cosyt+Bsinvt



k — m~?
(k —my?)” + 522
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(k —mA2)” + 5242

Please note that this solution assumes

A=

(k —m~?)" + 8242 £0



If (k —mn?)" + B292 = 0 then:

(k — m72)2 =0 and (%% =0



What would it mean if 8 = 07
(mD?* + 8D + k)y = cosyt

becomes:
(mD? + k)y = cost



What would it mean if 8 = 07

_ Bt _ Bt
Yp = Cc1€ 2m CcoSwt + coe 2m sinwt

becomes:
Yp = €1 COS Wt + co sinwt
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(k — mfy2)2 =0 and f*4° =0
What would it mean if (k — m72)2 =07

my? =k



(mD?* 4 BD + k)y = cos~t
(mD? + k)y = coswt

k 1
(D2 + —) Yy = — Ccos wt

m m
Ifw:\/% then:

<D2 + w2) Yy = %Coswt



(D2 + w2) Yy = %coswt

Y = Yp + €1 COSwt + c2 SInwt



(D2 + w2) Yy = — coswt
(D2 + w2> (D2 + wz) Yy = (D2 + w2) (— cos wt

(D*+w?) (D*+w?)y=0



(D2 —|—w2) (D2 —|—w2) y=20
Substitute e
(7“2 i wQ)(,,Q i w2) — 0

(r —iw)(r 4+ iw)(r —iw)(r + iw) = 0
r=1iw  r=—iw (both roots are repeated)

y = alezwt _|_ a2t€zwt _|_ age—zwt _|_ a4t6—zwt



y — alezwt _|_ a2t€zwt _|_ age—zwt _|_ a4t6—zwt

et — coswt + isinwt and e~ = coswt — 7 sin wt

y can be expressed as a linear combination of:

cos wt sin wt t cos wt t sin wt



Yy = c1 coswt + co sinwt + At coswt + Bt sinwt

Yp = At coswt + Btsinwt
Find A and B by substituting y, into

(D* 4+ w?)y = %coswt



Yp = At coswt + Btsinwt

y, = —wAtsinwt + Acoswt +wBtcoswt + Bsinwt



Yyp = At coswt + Bt sinwt

-y; = —wAtsinwt + Acoswt + wBt coswt + B sinwt

y;; = —w? At coswt — 2wA sin wt — w? Bt sin wt + 2wB cos wt



1
(D2 + wg) y = — coswt
m
wgyp = w? At coswt + w? Bt sin wt
-y;; = —w? At coswt — 2w A sinwt — w? Bt sin wt + 2w B cos wt

Add to get D%y, + w?y,

(D? + w?)y = —2wAsinwt + 2wB cos wt



(D* 4+ w?)y = —2wAsinwt + 2wB cos wt

We want (D2 + w2) Y = — cos wt

T om

A=0 B=_1_
2mw

t sin wt

yp = At coswt + Btsinwt =
2mw



y(t) = c¢1 cos wt + cosin wt + tsin wt

mw

































