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y = yh + yp

yh = c1e
− βt

2m cosωt+ c2e
− βt

2m sinωt

where ω =

√
4mk − β2

2m



A =
k −mγ2

(k −mγ2)
2
+ β2γ2

B =
βγ

(k −mγ2)
2
+ β2γ2

y = c1e
− βt

2m cosωt+c2e
− βt

2m sinωt+A cos γt+B sin γt



A =
k −mγ2

(k −mγ2)
2
+ β2γ2

B =
βγ

(k −mγ2)
2
+ β2γ2

Please note that this solution assumes(
k −mγ2

)2
+ β2γ2 ̸= 0



If
(
k −mγ2

)2
+ β2γ2 = 0 then:

(
k −mγ2

)2
= 0 and β2γ2 = 0



What would it mean if β = 0?

(mD2 + βD + k)y = cos γt

becomes:
(mD2 + k)y = cos γt



What would it mean if β = 0?

yh = c1e
− βt

2m cosωt+ c2e
− βt

2m sinωt

becomes:
yh = c1 cosωt+ c2 sinωt

ω =

√
4mk − β2

2m
=

√
4mk − β2

4m2
=

√
4mk

4m2
=

√
k

m



(
k −mγ2

)2
= 0 and β2γ2 = 0

What would it mean if
(
k −mγ2

)2
= 0 ?

mγ2 = k

γ2 =
k

m

γ =

√
k

m
= ω



(mD2 + βD + k)y = cos γt

(mD2 + k)y = cosωt(
D2 +

k

m

)
y =

1

m
cosωt

If ω =
√

k
m then:

(
D2 + ω2

)
y =

1

m
cosωt



(
D2 + ω2

)
y =

1

m
cosωt

y = yp + c1 cosωt+ c2 sinωt



(
D2 + ω2

)
y =

1

m
cosωt

(
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) (
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)
y =

(
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)( 1

m
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)
(
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) (
D2 + ω2

)
y = 0



(
D2 + ω2

) (
D2 + ω2

)
y = 0

Substitute ert

(r2 + ω2)(r2 + ω2) = 0

(r − iω)(r + iω)(r − iω)(r + iω) = 0

r = iω r = −iω (both roots are repeated)

y = a1e
iωt + a2te

iωt + a3e
−iωt + a4te

−iωt



y = a1e
iωt + a2te

iωt + a3e
−iωt + a4te

−iωt

eiωt = cosωt+ i sinωt and e−iωt = cosωt− i sinωt

y can be expressed as a linear combination of:

cosωt sinωt t cosωt t sinωt



y = c1 cosωt+ c2 sinωt+At cosωt+Bt sinωt

yp = At cosωt+Bt sinωt

Find A and B by substituting yp into

(
D2 + ω2

)
y =

1

m
cosωt



yp = At cosωt+Bt sinωt

y′p = −ωAt sinωt+A cosωt+ ωBt cosωt+B sinωt







(D2 + ω2)y = −2ωA sinωt+ 2ωB cosωt

We want
(
D2 + ω2

)
y = 1

m cosωt

A = 0 B =
1

2mω

yp = At cosωt+Bt sinωt =
1

2mω
t sinωt



y(t) = c1 cos ωt+ c2 sin ωt+
1

2mω
t sin ωt









Pushing a Swing














