Differential Equations
Dr. E. Jacobs

Today’s Topic : Variation of Parameters
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Y = C1 COS 2% + Co sin 2x
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y// 4 4y _ 332
Y = C1 COS 2% + Co sin 2x

Y=Yn Tt Yp

Yy =cpcos2x + cosin2x + ag + a1 + a2332



y// _|_4y _ 332
Yy = ¢ cos 2z + co sin 2x + ag +CL1ZIJ+CL2$2
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Y = €1 COS 2T + coSIn 2z — 3 i &



y' +4y =Inx
Y = ¢1 COS 2T + co8In 2z + y,,

y, = 777

Or, what if we were trying to solve:

y" + 4y = secx



Turn to 1st order equations for insight

dy
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y = (/ e*® f(x) dx) e 2

y=v(x)e >

Compare this with the homogeneous solution:

yn = ce 7



d*y . dy
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Suppose the homogeneous solution is

Y = C1Y1n + C2Yop where ¢; and co are constants
Can we find functions

v1 =vi(x) and vy = vo(x)
so that the nonhomogeneous solution is

Y = V1Y1h + V2Y2h



ar + by = fi

cx +dy = fo
Solution:
fi b a fi
Jo d c Jfo
T = y —
a b a b
c d c d




Substitute
Y = UV1Y1h + V2Y2h
into ) ;
d=y Y
ZJ 4 pZ _

and solve for v; and vs



Y = V1Y1h + V2Y2n
Y = v1y1 + Y1rv1 + V2Ysp + Yonvs

Switch the two middle terms



Y = V1Y1h + V2Y2n
Y = v1y1 + Y1rv1 + V2Ysp + Yonvs
= V1Y1p, + V2Yap, + Y1aV] + Y2nUy



<
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V1Yih + V2Y2h

/! / !/ !/
V1Y1h + Y1y + U2Yap Ey Ya2nrUo

/ !/
V1Y1p T V2Yap T

!/ !/
Y1h'Uq + Y2nUs

Set equal to O




Y = U1Y1h + V2Y2h

' = o1yl + va



Y = V1Y1n T V2Y2p
Yy = vy, + V2Ysy
y" = vyl + Y101 + vaygy, + yanvs

Switch the two middle terms



Y = U1Y1n + V2Y2h

/ / /
Y = U1Yip T V2Y9p

!/ !/ !/ / / / /
Y = V1Y T+ V2Yop T+ Y1V T Yoo



Substitute into y” + by’ + cy = f(x)

Y = U1Y1h T+ V2Y2ph

/ / /
Y = UV1Yyp T V2Yay,

!/ !/ !/ / / / /
Y = V1Y T V2Yop T Y1V T Yo Vs



Substitute into y” + by’ + cy = f(x)

CY = CU1Y1h T CU2Y2p
by’ = buryyy, + bvaysy,

!/ !/ !/ / / / /
Y = U1Yip T V2Ysp T Y1V T YopVs

Add it all up. The result is supposed to be f(x)



This adds up to 0

Substitute into y% by’ + cy = f(x)

cY =[cvrY1ih [T CV2Y2h
!

/ !
by =[bviyyp [ buaysy,

Il Iy Il ! ! ! !
Y= niYip [ V2Ysan T YRV T Yop Vs

Add it all up. The result is supposed to be f(z)



Since 11y, is supposes to be a homogeneous solution,

y’llh + byih + cy1p, =0

This addsup to 0

CULY 1A

!
bvlylh
Ir

Yitih




This adds up to 0

Substitute into y% by\r aij= flx)

CY =|CU1Y1h [T CU2Y2h

/

by" =[bvryy, [H bvaysy,

Il Iy Il ! ! ! !
Y= iy HY2Y0n [ ViRVl T Yop Vs

Add it all up. The result is supposed to be f(z)



Substitute

cy
by’

/"
Y

yff_l_byf_l_cy

This adds up to 0

into y% by\r cij = flx)

=|cv1Y1h [ CU2Y2H

! !/
=|bv1y, [ buayan

I 14 ! / ! /
=| U1Y1p [HV2Yap [~ Y1RV1 T Y2pVs

= 4+ 0 + SETLANRERL A,
y}kI J;’hZ



Yinvl + Yanvz = f()



Y1hV] + Yopvy =0

Yinvl + Yanvz = f()

‘ 0  yop |y1h 0
I f(ﬂ?) yéh r yih f(x)
V] = vy =
‘ylh Y2h ‘ylh Y2h
yih yéh yih yéh




The Wronskian Determinant

h h
W — 'y} Y2
Yin  Yan




dvq L 0y

‘ dv2 . 1
de ~ W | f(x) s,

dz W




Example: Find the general solution of:

y”+4y:x2

Y1n, = cos2x and  y9p = sin2x

Find functions v; = vy (z) and vo = vo(x) so that

Yy = V1 COS 2T + Vo SIn 2x



We will need the Wronskian determinant

COS 2x sin 2x
—2sin2x 2cos2x

W:

— 2¢0s° 2z + 2 sin? 2z
= 2



DO | —

0 sin 2x

2 2cos 2z

COS 2x 0

—2sin2x x

2

1
p— ——Qj2
2

1
— —xz
2

sin 2x

COS 2x



dvp 110 sin2e ——1:1:2 sin 2
de  2|x%? 2cos2z| 2
1 5 .
v = —51' sin 2x dx
J 1 .
= —xr“cos2r — —cos2x — —xsin2x + ¢

4 8 4



@—1 cos 2z 0 —leCOSQQZ’
de 2 |—2sin2z %] 2
/5
v2= [ o@ cos 2z dx
I 5 . 1 .
= —x“sin2x — —sin2x + —x cos2x + ¢o

4 8 4



Y = U1 COS 2% + vy sin 2x

1 1 1
= (1x2 CcoS 2x — 3 CcoS 2x — Z:I: sin 2x + cl) CcoS 2x

1 1 1
+ (ZazQ sin 2x — 3 sin 2x + Zaz cos 2x + 62> sin 2x

_ : 1, 1 > .
— 1 COS2x + cosin 2x + 4:1: 2 (cos 2x + sin 2:1:)

, 1 5, 1
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(D? + 4)y = sec2x

1
D —1)%y = —¢”
( )y =—e



