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Today’s Topic : Variation of Parameters



y′′ + 4y = x2

yh = c1 cos 2x+ c2 sin 2x

y = yh + yp



y′′ + 4y = x2

yh = c1 cos 2x+ c2 sin 2x

y = yh + yp

y = c1 cos 2x+ c2 sin 2x+ a0 + a1x+ a2x
2



y′′ + 4y = x2

y = c1 cos 2x+ c2 sin 2x+ a0 + a1x+ a2x
2

y = c1 cos 2x+ c2 sin 2x− 1
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y′′ + 4y = lnx

y = c1 cos 2x+ c2 sin 2x+ yp

yp = ???

Or, what if we were trying to solve:

y′′ + 4y = secx



Turn to 1st order equations for insight

dy

dx
+ 2y = f(x)

yh = ce−2x



dy

dx
+ 2y = f(x)

e2x
dy

dx
+ 2e2xy = e2xf(x)

d

dx

(
e2xy

)
= e2xf(x)

e2xy =

∫
e2xf(x) dx



y =

(∫
e2xf(x) dx

)
e−2x

y = v(x)e−2x

Compare this with the homogeneous solution:

yh = ce−2x



d2y

dx2
+ b

dy

dx
+ cy = f(x)

Suppose the homogeneous solution is

y = c1y1h + c2y2h where c1 and c2 are constants

Can we find functions

v1 = v1(x) and v2 = v2(x)

so that the nonhomogeneous solution is

y = v1y1h + v2y2h



ax+ by = f1

cx+ dy = f2

Solution:

x =

∣∣∣∣ f1 b
f2 d

∣∣∣∣∣∣∣∣ a b
c d

∣∣∣∣ y =

∣∣∣∣ a f1
c f2

∣∣∣∣∣∣∣∣ a b
c d

∣∣∣∣



Substitute
y = v1y1h + v2y2h

into
d2y

dx2
+ b

dy

dx
+ cy = f(x)

and solve for v1 and v2



y = v1y1h + v2y2h

y′ = v1y
′
1h + y1hv

′
1 + v2y

′
2h + y2hv

′
2

Switch the two middle terms



y = v1y1h + v2y2h

y′ = v1y
′
1h + y1hv

′
1 + v2y

′
2h + y2hv

′
2

= v1y
′
1h + v2y

′
2h + y1hv

′
1 + y2hv

′
2





y = v1y1h + v2y2h

y′ = v1y
′
1h + v2y

′
2h



y = v1y1h + v2y2h

y′ = v1y
′
1h + v2y

′
2h

y′′ = v1y
′′
1h + y′1hv

′
1 + v2y

′′
2h + y′2hv

′
2

Switch the two middle terms



y = v1y1h + v2y2h

y′ = v1y
′
1h + v2y

′
2h

y′′ = v1y
′′
1h + v2y

′′
2h + y′1hv

′
1 + y′2hv

′
2



Substitute into y′′ + by′ + cy = f(x)

y = v1y1h + v2y2h

y′ = v1y
′
1h + v2y

′
2h

y′′ = v1y
′′
1h + v2y

′′
2h + y′1hv

′
1 + y′2hv

′
2



Substitute into y′′ + by′ + cy = f(x)

cy = cv1y1h + cv2y2h

by′ = bv1y
′
1h + bv2y

′
2h

y′′ = v1y
′′
1h + v2y

′′
2h + y′1hv

′
1 + y′2hv

′
2

Add it all up. The result is supposed to be f(x)





Since y1h is supposes to be a homogeneous solution,

y′′1h + by′1h + cy1h = 0







y′1hv
′
1 + y′2hv

′
2 = f(x)



y1hv
′
1 + y2hv

′
2 = 0

y′1hv
′
1 + y′2hv

′
2 = f(x)

v′1 =

∣∣∣∣ 0 y2h
f(x) y′2h

∣∣∣∣∣∣∣∣ y1h y2h
y′1h y′2h

∣∣∣∣ v′2 =

∣∣∣∣ y1h 0
y′1h f(x)

∣∣∣∣∣∣∣∣ y1h y2h
y′1h y′2h

∣∣∣∣



The Wronskian Determinant

W =

∣∣∣∣ y1h y2h
y′1h y′2h

∣∣∣∣



dv1
dx

=
1

W

∣∣∣∣ 0 y2h
f(x) y′2h

∣∣∣∣ dv2
dx

=
1

W

∣∣∣∣ y1h 0
y′1h f(x)

∣∣∣∣



Example: Find the general solution of:

y′′ + 4y = x2

y1h = cos 2x and y2h = sin 2x

Find functions v1 = v1(x) and v2 = v2(x) so that

y = v1 cos 2x+ v2 sin 2x



We will need the Wronskian determinant

W =

∣∣∣∣ cos 2x sin 2x
−2 sin 2x 2 cos 2x

∣∣∣∣
= 2 cos2 2x+ 2 sin2 2x

= 2



dv1
dx

=
1

2

∣∣∣∣ 0 sin 2x
x2 2 cos 2x

∣∣∣∣ = −1

2
x2 sin 2x

dv2
dx

=
1

2

∣∣∣∣ cos 2x 0
−2 sin 2x x2

∣∣∣∣ = 1

2
x2 cos 2x



dv1
dx

=
1

2

∣∣∣∣ 0 sin 2x
x2 2 cos 2x

∣∣∣∣ = −1

2
x2 sin 2x

v1 =

∫
−1

2
x2 sin 2x dx

=
1

4
x2 cos 2x− 1

8
cos 2x− 1

4
x sin 2x+ c1



dv2
dx

=
1

2

∣∣∣∣ cos 2x 0
−2 sin 2x x2

∣∣∣∣ = 1

2
x2 cos 2x

v2 =

∫
1

2
x2 cos 2x dx

=
1

4
x2 sin 2x− 1

8
sin 2x+

1

4
x cos 2x+ c2



y = v1 cos 2x+ v2 sin 2x

=

(
1

4
x2 cos 2x− 1

8
cos 2x− 1

4
x sin 2x+ c1

)
cos 2x

+

(
1

4
x2 sin 2x− 1

8
sin 2x+

1

4
x cos 2x+ c2

)
sin 2x

= c1 cos 2x+ c2 sin 2x+

(
1

4
x2 − 1

8

)(
cos2 2x+ sin2 2x

)
= c1 cos 2x+ c2 sin 2x+

1

4
x2 − 1

8



(D2 + 4)y = sec 2x

(D − 1)2y =
1

x
ex


