Differential Equations
Dr. E. Jacobs
Today: Transform Solution of Homogeneous Equations



y' =2y + et where y(0) =0

First step:
Take the Laplace transform of both sides of the equa-
tion and use the identity £ (y') = sL (y) — y(0).



L(y") =L (2y+e*)
sC(y) —y(0) = 2L (y) + L (e*)

sL(y) —0=2L(y) +

s — 2






Use the formula: L (t”e’\t)

Conclusion:




Summary of procedure

Solve

Diff. Eqtn. e—p v = y(t)



Summary of procedure

Algebraic Yolve Obtain formula
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Diff. Eqtn. eo—fp = y(t)



L(f")=sL(f)— f(0)
Replace f by 3y’ and the identity becomes
L(y")=sL(y)—y (0

)
= s(sL(y) —y(0)) —y'0)
=s"L(y) — sy(0) — ( )






Example: Solve the differential equation.
y"+2y=0  where y(0) =0 and y'(0) =1

We start by taking the Laplace transform of both
sides of the equation.

L(y")+2L(y) = L£(0)






w
32—|—w2

L (sinwt) =

Now take the inverse Laplace transform:

1
£(y) = s2 4+ 2
y(t) =L = IS V2
s2 + 2 V2 s2 + 2
= Lsin\ﬁt




Example: Solve the differential equation.
y'+2y' +2y =0  where y(0) =1 and y'(0) = —1
Take L of both sides and use the identities:
L(y")=sL(y) —sy(0) —y'(0) = s*L(y) —s+1
L(y')=sL(y)—y0)=sL(y) -1

L") +2L(y") +2L(y) = L(0)

s°L(y) —s+14+2(sL(y) —1)+2L(y) =0
Solve for L (y)



s?L(y) —s+14+2(sL(y)—1)+2L(y) =0

(s° +2s+2)L(y) =s5+1

s+ 1

() —
() s2 4+ 25+ 2




Refer to the formula £ (e coswt) = (S_i;2A+w2

P s+ 1 o s+ 1
=L (52+25+2>_£ ((s+1)2+1)

— e tcost




Example: Solve the following differential equation:
y" =3y +3y —y=0
where y(0) =4'(0) =0, y”(0) =1
L(y")=3L@y") +3L(y') — L(y) =L(0)

Use the identities

L(y')=sL(y)—y(0)=sL(y)

L(y") =s*L(y) —sy(0) —y'(0) = s*°L (y)

L(y")=s>L(y)— s*y(0) — sy’ (0) — y"(0)
=s3L(y) -1



s"L(y) —1—(s°L(y) +3sL(y) —L(y) =0

(55 =352 +3s—1)L(y) =1
1 1
§3-3s24+3s—1 (s—1)3

0= (=) = 3¢

L(y) =




dx N

— =ay1x+a

it 11 12Y
dy

— = a921T + a2y

dt

Tank A Tank B



v =-3r+y

y = 1z — 3y
Initial conditions: z(0) = 2 and y(0) =0
L(z) =sL(x)—x2(0) =sL(x)—2

L(y')=s5L(y)—y(0)=sL(y) -0



' =-3x+y
/

y = lxz — 3y
Take L of both sides:

sC(x) — 2
sC(y)—0

—3L (x) + L (y)
L(zx) —3L(y)



sC(x) —2=-3L(x)+ L(y)
sL(y)—0= L(z)—-3L(y)

Regroup terms:

(s+3)L(x) — L(y)
—L(z)+ (s+3)L(y)

2
0



Solve:
o s
0 3
£(z) = s + 2(s + 3)
s+3 -1 s2 +6s+8
-1 s+4
2(s+ 3)




Solve:
s+ 3 2|
-1 0 2
L(y) = = —
s+3 -1 s* + 6s + 8
-1 s+4
2




o 2(s+3) 1 1
£(z) = (s+2)(s+4) s+2+s—|—4

2 1 1
£ly) = (s+2)(s+4) T s+2 s+4

Take the inverse Laplace transform:

r(t) =e * +e M



Each term is in the form tie™ where r is an eigenvalue
and U is the corresponding eigenvector.



ay” + by +cy = f(t)



