Differential Equations
Dr. E. Jacobs
Today: Laplace Solution of Nonhomogeneous Equations



L(y") =sL(y) —y(0)
L(y") =s"L(y) — sy(0) —y'(0)

Take Laplace transform of both sides of the equation
ay” +by' +cy = f(?)

al (y") +0L(y") +cL(y) = L(f(1))



Summary of procedure

Algebraic Yolve Obtain formula

Equation —y for Li{y)

Take L of Find inverse
both sides transform

Solve

Diff. Eqtn. eo—fp = y(t)



Example:

Solve the following differential equation:
(D? — 4)y = 3é where y(0) = 0 and 3'(0) = 1
L(y" —4y) = L (3¢)

s*°L (y) — sy(0) — ¢/ (0) — 4L (y) =







£(y) = s+ 2
(s — 1)(s> — 4)
s+ 2

(5s—1)(5—2)(s +2)

(s —1)(s—2)






Example:
Solve the following differential equation:
d*y  dy

T T = 2e’ +2e7" where y(0) = 4'(0) =0







4
(s—1)(s+1)°

Solve for a, b and ¢




1 1 2
s—1 s+1 (s+1)?

1 1 2
— r—1 _ S
y=~L (5—1 s+1 (3—|—1)2)

—el — et —2tet




Example:

Solve the following differential equation:
y" 4+ 2y" + 2y = 4+ 4t where y(0) = 3 and y'(0) = 2

325(3/)—i’)s—2+2(3£(y)—3)%—25(3;):éJr;i2



o
PL(y) =35 —2+2(sL(y) — ) +2L(y) =~ +
359 +8s% +4s + 4
L(y) = 2 ( o2
s(s —l—28—|—2)

This has a partial fractions decomposition



4 4
PL(y) =35 —2+2(sL(y) — ) +2L(y) =~ +
35% + 852 +4s + 4
£(y): 2( a2
s(s —l—28—|—2)
2 6 + 3s
_I_
g2 s2 4+ 25+ 2




Compare to:

L (e” sin wt) =

L (e” coS wt) =

(s = A)?



Compare to:

2 0+ 3s
LW = 2t arizr1
£(e_tsint) = !
(s+1)2+1
4 B s+ 1
E(e cost)— RN



2 3 6+3(+1-1)
S (s+1)2+1

Compare to:




2 6+ 3(s+ 1)-3
_2, 5+ 1)

(s+1)2+1

Compare to:




2  3+3(s+1)

LW =2t Gror T

2 3 3(s+1)

s2+(3—|—1)2—|—1+(s—|—1)2—|—1

Now take the inverse Laplace transform:

y(t) = 2t + 3e 'sint + 3e " cost



