Differential Equations

Today’s Topic : The Dirac-Delta Function
Dr. E. Jacobs



b b
Impulse :/ f(t)dt :/ %(mv) dt = A(mv)

If A(mv) =1 then f(¢) has produced a unit impulse
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E(u(t_ a)—U(t—a—h))dt

Unit Impulse = /
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Unit Impulse — / (U(t— a) ~U(t —a — ) dt
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Solve the following equation:

L ity —ti(t—h)) where y(0) = y/(0) = 0
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'y = %(Z/{(t) —U(t—h)) where y(0) =%'(0) =0

y(t,h) = % (1 —cost— (1 —cos(t—h))U(t—h))

Make h very small



y(t, h) = % (1— cost) — %(1 — cos(t — W)U(t — h)
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(1— cost) — %(1 ~ cos(t — W)U(E— h)
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y(t.h) =
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y(t, h) = % (1— cost) — %(1 — cos(t — W)U(t — h)

h=1
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y(t, h) = % (1— cost) — %(1 — cos(t — W)U(t — h)

h = 0.5




y(t, h) = % (1— cost) — %(1 — cos(t — W)U(t — h)

lim y(t, h) = sint
lim y(t, h) = sin






l(Z/l(t—a) —U({t—a—h))

h
Can we take the limit as h — 0 ?
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o &— Infinite height




Area=1y-h
If h = 0 then the area is O




Take the limit as h — 0
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£(5(1)) = lim £ (%(Lf(t) Ut - b))
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L(3(t —a)) = lim £ (%(L{(t —a)—U(t—a—h))
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r (%(U(t —a) —U(t —a— h)))
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= LUt = a)) = - LUt —a—h)

We know that L(U(t —a)) = e 21
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Replace a with a +h : LU(t —a — h)) = e @5 hsl
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L(0(t—a))=lim (hse e )
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S h—0 h

Use L’hopital’s Rule
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L(6(t—a))=e



L (5(75 — a)) — e 95
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Solve the following equation:

Yy +y = %(U(t)—bl(t—h)) where y(0) = y'(0) = 0

Take the limit of the answer as h — 0
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Solve the following equation:

Yy +y = %(U(t)—bl(t—h)) where y(0) = y'(0) = 0

Take the limit of the answer as h — 0

y' +y=494(t)



Now use L (0(t — a))

e % with a =0






my" + By’ + ky = F(t)

m=4 B=4 k=1 F(t)=04(t—06)

4 +4y" +y=56(t—-6) y(0)=0




d*Q aQ 1
LW + RE + 5Q = £(t)

L=4 R=4 (C=1
4Q" +4Q" + Q = 6(t — 6)
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4" + 4y +y=6(t—6) y(0)=0 ' (0)=1
AL (y") +4L (y") + L (y) = L(5(t —6))

L(y") =s"L(y) —sy(0) —y'(0) = s*L(y) — 1
L(y')=sL(y) —y(0) =sL(y)

4s*L (y) — 4+ 4sL (y) + L (y) = L (5(t — 6))



(42 +4s+ 1)L (y) —4 =L (5(t —6))
Use the formula £ (6(t —a)) = e~ * with a =6

(45 + 45+ 1)L (y) — 4 = e



(s+3)°

n!
(s—=A)n+1

withn =1 and A = —
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L= £ (te_”g) + ie_ﬁsﬁ (te_t/g)

Use the formula £ (g(t — a)d(t —a)) = e~ *L(g(t))
with a = 6 and ¢(t) = te~!/?

Ly)= L (te—tfz) + ic ((t _6)e~ (=02t — 6))
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