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y′′ − y = 0 where y(0) = 0 and y′(0) = 1
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L (f(t)) + L (g(t)) = L (f(t) + g(t))

What about L (f(t)) · L (g(t))?

Will this be the same as L (f(t) · g(t))?
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(
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)
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(
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)
Let f(t) = et and g(t) = e−t

1

(s− 1)(s+ 1)
= L (f(t)) L̇ (g(t))

Compare this to L (f(t) · g(t))
L (f(t) · g(t)) = L

(
et · e−t

)
= L (1) =

1

s



Conclusion;

L (f(t)) · L (g(t)) ̸= L (f(t) · g(t))
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L
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L (f)L (g) =

∫ ∞

0

e−suf(u) du ·
∫ ∞

0

e−svg(v) dv

=

∫ ∞

0

∫ ∞
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e−suf(u)e−svg(v) du dv

=

∫ ∞

0

∫ ∞

0

e−s(u+v)f(u)g(v) du dv



L (f)L (g) =

∫ ∞

0

∫ ∞

0

e−s(u+v)f(u)g(v) du dv

=

∫ ∞
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e−s(u+v)f(u)g(v) du

)
dv

Let t = u+ v so u = t− v and du = dt

L (f)L (g) =

∫ ∞

0

(∫ ∞

v

e−stf(t− v)g(v) dt

)
dv



L (f)L (g) =

∫ ∞

0

∫ ∞

v

e−stf(t− v)g(v) dt dv



L (f)L (g) =

∫ ∞

0

∫ ∞

v

e−stf(t− v)g(v) dt dv



L (f)L (g) =

∫ ∞

0

∫ ∞

v

e−stf(t− v)g(v) dt dv



L (f)L (g) =

∫ ∞
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L (f)L (g) =

∫ ?
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∫ t
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e−stf(t− v)g(v) dv dt



L (f)L (g) =

∫ ∞
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e−stf(t− v)g(v) dv dt



L (f)L (g) =

∫ ∞

0
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e−stf(t− v)g(v) dv dt
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∫ ∞
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0
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)
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L (Some function) =

∫ ∞

0

e−st(Some function) dt



L (f)L (g) =

∫ ∞

0
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∫ ∞
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)
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0
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Definition: The Convolution Product:

(f ∗ g)(t) =
∫ t

0

f(t− v)g(v) dv

The Convolution Theorem:

L (f(t))L (g(t)) = L ((f ∗ g)(t))



y′′ − y = 0 where y(0) = 0 and y′(0) = 1

L (y) =
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(
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)
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(
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)
Let f(t) = et and g(t) = e−t

L (f(t))L (g(t)) = L
(∫ t

0
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)
= L
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0
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)
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0
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y′′ − y = 0 where y(0) = 0 and y′(0) = 1
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)
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ete−2v dv
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y′′ − y = 0 where y(0) = 0 and y′(0) = 1

L (y) = L
(∫ t

0

ete−2v dv

)
y =

∫ t

0

ete−2v dv



y =
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= et
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L (f(t))L (g(t)) = L
(∫ t

0

f(t− v)g(v) dv

)

L (g(t))L (f(t)) = L
(∫ t

0

g(t− v)f(v) dv

)
But L (f(t))L (g(t)) = L (g(t))L (f(t)) so∫ t

0

f(t− v)g(v) dv =

∫ t

0

g(t− v)f(v) dv

(f ∗ g)(t) = (g ∗ f)(t)



y′′ − y = 1− t y(0) = y′(0) = 0

L (y′′)− L (y) = L (1)− L (t)

s2L (y)− L (y) =
1

s
− 1

s2

L (y) =
1

(s+ 1)s2
= L

(
e−t

)
L (t)



L (y) =
1

(s+ 1)s2
= L

(
e−t

)
L (t)

Let f(t) = e−t and g(t) = t

and use L (f(t))L (g(t)) = L
(∫ t

0
f(t− v)g(v) dv

)
L (y) = L

(∫ t

0

e−(t−v)v dv

)



y =

∫ t

0

e−(t−v)v dv

= e−t

∫ t

0

evv dv

= t− 1 + e−t



y′′ + y = f(t) where y(0) = y′(0) = 0



y′′ + y = f(t) where y(0) = y′(0) = 0

s2L (y) + L (y) = L (f(t))

L (y) =
1

s2 + 1
L (f(t))



y′′ + y = f(t) where y(0) = y′(0) = 0

s2L (y) + L (y) = L (f(t))

L (y) =
1

s2 + 1
L (f(t))

L (y) = L (sin t)L (f(t))

= L
(∫ t

0

sin(t− v)f(v) dv

)



L (y) = L
(∫ t

0

sin(t− v)f(v) dv

)

y =

∫ t

0

sin(t− v)f(v) dv


