Differential Equations
Dr. E. Jacobs

Today’s Topic: Series Solutions
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y' — 2y =0
Substitute €™ : r%e"™ —2re™ =0
r? —2r =0
Solutions: r=0and r =2

y = ae’ + be** = a + be*”



y//—QZCy/ :O



y" —2xy’ =0
What happens if we try substituting e™*?
r2e"™ — 2xre™ = ()
r? —2xr =0
r(r—2z) =0
r = 2x 1is a solution

Contradiction!



The equation y” — 2zy’ = 0 does not have two lin-
early independent solutions of the form e"*. In gen-
eral, if the coefficients of a differential equation have
variables in them, we may not get any solutions of
the form e"*.
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Therefore,
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Yy -2y =
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@(hﬂ(y’)) =21

In(y') = z*+ C



In(y) = 2% +C

2 2 2
/ x—l—Czecex :kex

Yy =e where k= e






Power Series for f(x)

fx) = Z anx"
n=0



z n—14 +—1 24 ! S 4 L 14
e — — — €T —0 — —X
n! 2 3! 4!

2 (2n + 1)! 317 T Bl
tan~ !z = f: (=1)" g2t = g i + v +
2n +1 3 D 7
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How does this help?




T _ — 1 n _ Lo, 13 1 4
e —z%mx —1+x+§:€ +§x +ﬂ:c + -

Graph e” and 1+ = + 222 on the same axis.




T - 1 n __ 1 2 1 3 1 4
n=0

Graph e¢” and 1 + z + 522 + 5;2° on the same axis.
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Now the approximation is even better.



Let’s add another term: 1 + x + %332 + %a:?’ + iaz‘i




If we are trying to solve a differential equation but
all we knew about the solution was it’s power series

> a,x™, we could still obtain polynomial approxi-
mations for the solution.



How do we find the power series ) an,x™ for a func-
tion y = y(x) if we know the differential equation
that y satisfies?



where y(0) =1



— —Ty =0 where y(0) =1
If y = ag + a1z + asx? + azx® + - - - then y(0) = ay.

Since the initial condition says that y(0) = 1, this is
what ag is.

y:1+a133—|—a251:2+a,3:133+---



— —Ty =0 where y(0) =1
If y = ag + a1z + asx? + azx® + - - - then y(0) = ay.

Since the initial condition says that y(0) = 1, this is
what ag is.

y:1+a133—|—a251:2+a,3:133+---

One coeflicient down, an infinite number to go...



Ify=1+a1w+a2x2+a3x3+---then%is:

d
d_y — ay + 2a0x + 3asx? + dagx’ + - -
x

Now, back to the differential equation:

dy
— —Ty=20
dx Y

(a1 +2asx+3azx® +- ) —T(1+ax+asz*+---) =0



dy
7y =0
dx J

(a1 +2asx+3azx® +- ) —T(1+arx+asz*+--) =0
Now, combine and collect like terms:

a1 — T+ (2as — Tay)x + (3as — Taz)x? + (4ay — Taz)x® +
0

The only way this polynomial is 0 for all z is for each
coefficient to be 0.



a1 — T+ (2a2 — Tay)x + (3as — Taz)x? + (4ay — Taz)x® +
0

The only way this polynomial is O for all x is for each
coefficient to be 0.

a1—7 =0 2a9—7Ta;1 = 0 3az—Tay =0 das—Tas



a1—7 =20 2a0—7Ta1 = 0 3as—Tas = 0 das—Tas
More generally,

(n+ aps1 — 7a, =0



a1—7 =0 2a0—7Ta1 = 0 3as—Tas = 0 das—Tas

a1 = 7
7&1 72
a = — = —
T 2 T 2
a 7CL2 73
3= — =
3 (3)2)
7CL3 74




a1—7 =0 2a0—7Ta1 = 0 3as—Tas = 0 das—Tas

71
a1 = 7= F
Tay, 7% T2

a2 = — = —
Tas 73 73

B3 T3)2) " 3




y:a0+a1x+a2x2+a3x3+---

71 72 3
TR | 2 7
+ 1!51: +§J; +§:C3+---
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Series for e*

z? ozt 2f

+ TSRt

In )" notation, this would be expressed as:

o0 2n

X
2

n=0



o0 2n 2 4 6

Zf’?__1+f’3_+5’f_+f’f_+...
n! 1 2 3!

n=0

Any of the following would mean the same thing:

2 2(n+1) > ,2(n+2) > .2(n+3)

Z (n+1)! Z (n +2)! (n+3)!

n=—1

n=—3




ao%—alx—ka2x2%—a3x3%—-~
Any of the following would mean the same thing:

oo oo

©.@)
g anT'" g an+1x”+1 g an+2xn+2

n=0 n=-—1 n—=—2



Define a,, = 0 when n < 0

CL_1:O
CL_QZO
CL_3:O

CL_4:O



Define a,, = 0 when n < 0

oo
E anx” = +a_sr > 4+asr *4+a_1x t+ag+a

= 02+ 02 2+ 02 +ap +arx + a4 -

2
= ag +a1x + axx” + - -

Abbreviation: )  a,x™ means that n ranges from
—o0 to 0o. All of the following mean the same thing:

g anT'" g an+1xn+1



y = ap + a1x + asx® + azx® + - -
y, = ai +2a2x+3a3x2+4a4x3+...

Any of the following sums would equal g—g

Znanxn—l Z(n+1)an+1$n Z(n+2)an+2$n+1



y=ao+a1x+a2x2+a3x3+...
y, = a1 + 2&233 + 3&3332 -+ 4&41’3 4 ...
y// = 2a2 + (3)(2)a3$ -+ (4) (3)@41‘2 -+ (5)(4)@53;3 I

Any of the following sums would equal y”

Z n(n o 1)an£€n_2 Z(n + 1)77,(1,n_|_11'n_1

Z<n+2)(n+1)an+2x” Z(n+3)(n+2)an+3x”+1



y —Ty=0

If we substitute > a,z" in place of y, we get:

y’—7Zanaz” =0



y —Ty=0

If we substitute ) a, 2™ in place of y, we get:

We have several choices to use for i

S nana™ ™t =S+ Daggia” = 3 (0 + 2) 00!



Z(n + Dapr12” Z Ta,z" =
> ((n+D)apss — Tap) 2" =0

The only way this polynomial will equal 0 for all x
is for each coefficient to equal 0.

(n+ aps1 — 7a, =0

This is referred to as the recurrence relation. This
enables us to get a,41 as soon as we know a,,.



Obtain a series of the form ) a,x™ that solves:

y" —y =0 where y(0) =1 and 3'(0) =1



y:ao—l—alx—l—a2x2—|—a3x3—|—---
y(O):ao—l—a,1-O+a2-0+a3-0—1—---:a0

d
d—y — a1 ‘|‘2Q2£U—|—36L3£C2 —|—4a4333 + ...
X

y/(o):a1‘|'2a2-0—|—3a3-0_|_...:a1



Obtain a series of the form ) a,x™ that solves:

y" —y =0 where y(0) =1 and y'(0) =1

We start off knowing that ag =1 and a1 =1
Substitute > a,x™ in place of y in the equation.

y//_zanxnzo



Obtain a series of the form ) a,x™ that solves:
y" —y =0 where y(0) =1 and 3'(0) =1

y//_zanxnzo

Choices for y":

Z nin — 1a,z™ ? Z(n + Dnay 2™

>_(n42)(ntDaniaz” Y (n43)(n+2)anyz"



Y — Z anpx” =0
Z<n + 2)(77, + 1)an+2:13n — Z anx” =0

Z ((n + 2)(n + 1)an—|—2 — Cln) " =0



y// . Zanxn —0
Z(n +2)(n+ 1)anox™ Zan =

Z ((n + 2)(n + 1)an—|—2 — Cln) " =0

Each coefficient must equal 0

(n+2)(n+1)apy2 —a, =0 forall n



Each coefficient must equal 0
(n+2)(n+ 1)apye —a, =0 for all n

For n > 0, we can solve for a,1o in terms of a,,.

n—l—2)?n—|— 1)




n+2)?n+ 1)

We already know ag =1 and a; = 1.
If n =0, we get a, = OI6)

Ap4+2 — (

Iftn =1, weget a3 = 55 = @

It n =2, we get ay = @ (3) — (4)(3)1<2><1)

B 1
It n =3, we get as = 5l = OO



Qnp

2T )+ 1)
We already know ag =1 and a; = 1.
If n =0, we get a, = (2)1(1) = %

al 1 |
ltn =1, weget a3 = w5 = mE = 3

f n =2, we get a1 = ity = W@ = 0

_ as - 1 _

1
Itn =3, we get as = Gyl = m@E@@® = 5







We are ready to solve the vartable coefficient case.



