Differential Equations
Dr. E. Jacobs

Today’s Topic: The Variable Coefficient Problem



Equations with Constant Coeflicients

y//_|_2y/_|_2y:()
y" +16y" + 8y = 0



Equations with Variable Coefficients

y'+ay +2y=0
(1+42%) y" + 162y’ + 8y =0



Series solutions -

Solve for the coeflicients ag, a1, as, ..., a,, ... SO
that the following series is the solution to a given
differential equation.

y:ao—i—alx—l—a2w2+a3x3—|—-~



y:ao—l—alx—l—a2x2—|—a3x3—|—---

Yy = Zanx”

The following also mean the same thing:

E :an+1$n—|—1 E :an+2$n—|—2






y = E na, " !

Also: Z(n + Dapp12” Z(n + 2)ap oz

y' = Zn(n — Da,z"?

Also:
Z(n + Lynap41z™ " Z(n +2)(n+ 1)aniox"



Example:

y" +xy +2y =0 where y(0) =0 and 3'(0) =1

ap =y(0) =0and a; =y’ (0) =1
Y= X anam and 5" = Y(n+2)(n + Dansoa”

y' = Znanazn_l = Z(n + Dapr1x"
= Z(n + 2)apox™



Example:

y" +xy +2y =0 where y(0) =0 and 3'(0) =1

ap =y(0) =0 and s1 =9'(0) =1
Y= X ana™ and 5" = Y(n+2)(n + Dansoa”

Choose y = Z na,x" 1!

/ _
xYy =x g na,r" = E na,x"



y//_i_xy/_l_zy:()
Z(n—l—Z)(n—l— 1)an+2xn—|—z nanx" 42 Z anz” =0

Z ((n+2)(n+1)apt2 +nay, + 2a,)z" =0

This can only happen if the coefficient of 2™ is 0 for
each n.

(n+4+2)(n+ 1any2 + (n+2)a, =0



(n+2)(n+1aps2 + (n+2)a, =0

For n > 0 we get:

For n =0, ay =

For n =2, a4 =

an—|—2:n+1
—ag __ I S
| =0 Forn=1 as

241

=0 Forn=3 a5 =




For n =0, ay =

For n =2, a4 =

CLGZO

An+4+2 =

0+1

241

=0 Forn=1a3 =

=0 Forn=3as

CZSZO

n+1

a1p=0---
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Int2 =
Forn =1, a3 = —* :_%
For n =3, a5 = —* (4)1(2)
For n =5, ay = —¢§° :_m

Forn =17, ag = —

1
(8)(6)(4)(2)



n+1
Forn =1, a3 = —* z—%z—ﬁ
Forn =3, a5 = —* = (4)1(2) 2212!
Forn =5, a7y = 5% = —m — _2313!

F — = 1
orn =7, a9 = 3" = mrme) = w1




= Qap +a1xr + a2x2 + CL3£C3 -+ a4:1:4 + a5x5 + a6x6 + a7a:7

a1xr + a3x3 + a5x5 + a7:137 R



2 3 4 5% 6 7
Yy =ap+a1x + ax” + azx” + asxr” + asx” + agx” + arx

= Q1T + CL3ZE‘3 + a5x5 + a7:1:7 e
1 3 1 5 1 7
I TS TR 5T R T



2 3 4 5% 6 7
Yy =ap+a1x + ax” + azx” + asxr” + asx” + agx” + arx

= a1x + a3z’ + asx® +apx’ -

—P oo Tt Tt T
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Example:

Find a solution of the form ) a,x" that solves:
(1+42%)y" + 162y’ + 8y =0
where y(0) =1, ¢'(0) =0

Note that ag = y(0) =1 and a; = %'(0) =0



(1+42%) y" + 162y’ + 8y =0
y" + 4x*y" + 162y’ + 8y =0
y" + 4x%y" + 162y’ + SZanxn =0

Choices for ¢/’ :

Z na, " ! Z(nJrl)anHa:” Z(n+2)an+2x"+1

Pick the first one



v + 422y + 162y’ + 8y = 0

Choices for y" :

Z n(n — 1)anxn_2 Z(n + 1)nan+1xn—1

Z(n+2)(n+ Lantar” Z(n+3)(n+2)an+3x”+1



y" + 4x*y" + 162y’ + 8y =0

y" + dxty" + 162nanx” + SZanaz‘” =0

Pick > (n+2)(n + 1)a,422™ for the first term

Pick " n(n — 1)a,z" 2 for the second term



y" + 42y" + 162y + 8y =0
Z(’”«- + 2)(n + 1)a,02™ + Z dn(n — 1)a,x"
-+ Z 16na,x"™ + Z i =1
Z ((n+2)(n+ 1)au42 + (An(n —1) + 161+ 8)a,, ) z" =0

Each coefficient must be 0 so:

(n+2)(n+1)aypyo+ (4n(n —1) + 16n 4+ 8)a,, =0



(n+2)(n+ 1)apsio+ (dn(n —1) + 16n + 8)a,, =0
The equation simplifies:
(n+2)(n + Danio + (4n° + 12n + 8)a,, = 0

n+2)(n+ Dapsizs +4(n+2)(n+ 1)a, =0

Up42 = —4an,



an42 = —4a,

We already know that ag =1 and a1 = 0

For n =0, ay = —4ag = —4
Forn=1, a3 = —4a1 =0
For n = 2, ay = —4ay = 42

For n =3, as = —4a3 =0



an42 = —4a,

We already know that ag =1 and a1 = 0

For n =0, ay = —4ag = —4
Forn=1, a3 = —4a1 =0
For n = 2, ay = —4ay = 42
For n =3, as = —4a3 =0

CL7:O CLQZO (I11:O

ag — —43 ag — 44 aijog — —45



y=a0+a2x2+a4x4+a6x6+---
=1 —4a? +4%z* — 4325 + ...

It’s always nice if you can write the answer in sum-
mation form:



14+r4r?+rd4rt4. ..

as long as |r| < 1

In summation form:

oo

1
1l—r

r’t =

n=0



oo oo

y= ) (4" = (—4z?)"

n=0 n=0

1
l+r4r?4+r34riq.. = 7 as long as |r| < 1
—r

In summation form:

oo

1
1l—r

r’t =

n=0



&

n 1 1
y=2 (~42%)" = 1— (—422) 1+ 4a?

n=0

r = —4x?. The series only converges if |r| < 1 so:

422 < 1



Let u = u(x,y,t) be the amplitude of a wave




Let u = u(x,y,t) be the amplitude of a wave

O*u 2 (5’2u 82u>

92 o922 " o2




Vibration of a drumhead:







